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ABSTRACT. In this paper, we introduce the concepts of the u-bracket, finite multiple harmonic u-series,
and u-multiple zeta values via the Carlitz module. These objects serve as function field counterparts to
the classical theory of q-analogs. We prove that the “limits” of finite multiple harmonic u-series at Carlitz
torsion points yield Thakur’s multiple zeta values and finite multiple zeta values over Fr(θ) from analytic
and algebraic perspectives, respectively. This can be regarded as a positive characteristic analog of the
results by Bachmann, Takeyama, and Tasaka [BTT18]. Furthermore, we investigate the properties of u-
multiple zeta values and their expansions, obtaining a family of explicit relations among Thakur’s multiple
zeta values at both positive and non-positive indices.
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1. INTRODUCTION

1.1. Classical q-Analog Theory. Let N denote the set of positive integers and Z denote the set of
integers. We begin by introducing the classical q-analog theory. In various mathematical frameworks,
q-analogs serve as deformations of classical formulas or theorems, such that the original theory is
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retrieved in the limit as q → 1. The concept of q-analogs has important applications in various mathe-
matical fields, especially in number theory, partition theory, and special functions (see [GR04, And76]
for more details).

As basic examples, we define the q-analogs of integers and factorials. For any non-negative integer
n, the q-bracket is defined as

[n]q := 1− qn

1− q
,

which satisfies limq→1[n]q = n. Based on this, the q-factorial is defined as

[n]q!= [1]q[2]q · · · [n]q

for n ≥ 1, with [0]q! = 1. The q-factorial has many properties similar to the classical factorial. For
example, the q-factorial admits a factorization into cyclotomic polynomials Φk(q) given by

[n]q!= ∏
k∈N
k 6=1

Φk(q)bn/kc.

As q → 1, this identity recovers Legendre’s formula

n!= ∏
p prime

p
∑

e≥1bn/pec,

since [n]q!→ n! and the value Φk(1) is p if k = pe and 1 otherwise.

1.2. Classical Theory of Multiple Zeta Values. We now turn our attention to the theory of multiple
zeta values. We denote by

I=
∞⋃

m=1
Nm ∪ {∅}

the set of indices and by
Iad = {(s1, . . . , sm) ∈ I : s1 ≥ 2}∪ {∅}

the set of admissible indices. For a non-empty index s = (s1, . . . , sm) ∈ I, we define its depth and weight
by

dep(s)= m and wt(s)= s1 +·· ·+ sm,
respectively. For the empty index ∅, we put dep(∅) = 0 = wt(∅). Furthermore, throughout this paper,
an empty sum is defined to be zero and an empty product to be one.

We first introduce the theory of finite multiple harmonic q-series, following the framework in [BTT18].
The classical multiple zeta value is defined by

ζ(s)= ∑
n1>···>nm≥1

1
ns1

1 · · ·nsm
m

∈R, ∅ 6= s= (s1, . . . , sm) ∈ Iad.

We put ζ(∅) = 1 and denote the Q-algebra generated by all multiple zeta values by Z = 〈ζ(s) : s ∈ Iad〉Q.
Besides this, we also consider two other variants called the finite multiple zeta values and symmetric
multiple zeta values in the following.

Consider the ring

A =
(∏

p
Fp

)
/

(⊕
p
Fp

)
,

where the product and direct sum are taken over all primes p. This ring was introduced by Kontsevich
[Kon09], and it admits a natural embedding Q ,→ A via the diagonal map. The finite multiple zeta
value, first introduced by Kaneko and Zagier [KZ], is defined by

ζA (s)=
( ∑

p>n1>···>nm≥1

1
ns1

1 · · ·nsm
m

mod p

)
p

∈A , ∅ 6= s= (s1, . . . , sm) ∈ I.
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We put ζA (∅) = (1)p and denote the Q-algebra generated by all finite multiple zeta values by ZA =
〈ζA (s) : s ∈ I〉Q.

On the other hand, following the framework of Ihara, Kaneko and Zagier [IKZ06, Proposition 1], we
have the notion of stuffle-regularized multiple zeta values

Z∗(s;T) ∈R[T], s ∈ I

satisfying
Z∗(s;T)= ζ(s) for s ∈ Iad, and Z∗(1;T)= T

where T denotes a formal variable. Then the symmetric multiple zeta value, also introduced by Kaneko
and Zagier [KZ, (87), (88)], is defined by

ζS(s)=
m∑

j=0
(−1)s1+···+s j Z∗(s j, . . . , s1;T)Z∗(s j+1, . . . , sm;T) (mod ζ(2))

where ∅ 6= s = (s1, . . . , sm) ∈ I. We put ζS(∅) = 1 (mod ζ(2)). Here, we mention that by [KZ, Theorem 3]
(see also [Kan19]), the symmetric multiple zeta value does not depend on T and lies in Z.

We recall the famous Kaneko–Zagier conjecture.

Conjecture 1.1 (Kaneko–Zagier Conjecture). There is a Q-algebra isomorphism

φKZ :ZA →Z/ζ(2)Z

such that φKZ(ζA (s))= ζS(s) for all s ∈ I.

In [BTT18], Bachmann, Takeyama, and Tasaka provide evidence for the Kaneko–Zagier conjecture
by considering the finite multiple harmonic q-series

Z<n(s; q)= ∑
n>n1>···>nm>0

q(s1−1)n1+···+(sm−1)nm

[n1]s1
q · · · [nm]sm

q
,

where ∅ 6= s = (s1, . . . , sm) ∈ I. Here, q ∈ C is assumed to satisfy qk 6= 1 for all 0 < k < n. We also set
Z<n(s; q) = 0 if dep(s) ≥ n and Z<n(∅; q) = 1. This model of q-series is often called the Bradley–Zhao
model (see [Bra05, Zha07]). The authors in [BTT18] showed that the “limits” of Z<n(s; q) evaluated
at the n-th root of unity ζn := exp(2π

p−1/n) relate to both finite and symmetric multiple zeta values.
Precisely, they proved the following:

Theorem 1.2 ([BTT18, Theorem 1.1]). For any index s ∈ I, we have

ζA (s)= (
Z<p(s;ζp) mod (1−ζp)

)
p ∈A .

Theorem 1.3 ([BTT18, Theorem 1.2]). For any index s ∈ I, we have

ζS(s)≡ℜ
(

lim
n→∞Z<n(s;ζn)

)
(mod ζ(2)Z)

where ℜ(·) denotes the real part of a complex number.

Since ζA (s) and ζS(s) arise from "limits" of the same object, it is expected that they satisfy the same
algebraic relations, providing evidence for the Kaneko–Zagier conjecture. Furthermore, Bachmann,
Takeyama and Tasaka used the star versions of Theorems 1.2 and 1.3 to re-establish duality formulas
for both finite multiple zeta star values and symmetric multiple zeta star values (see [BTT18, Theorem
1.3]). We also mention that similar phenomena for variants of finite and symmetric multiple zeta values
have been investigated in [BTT21] and [Tas21].

On the other hand, for any index s ∈ Iad, the limit of Z<n(s; q) as n →∞, denoted by ζq(s), is called
the q-multiple zeta value. Note that this limit is well-defined for |q| < 1, and as q → 1−, we have
ζq(s) → ζ(s) for any index s ∈ Iad. This model of q-multiple zeta values inherits many relations from
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classical multiple zeta values (see [Bra05, OT07, Zha07]). In particular, it admits a modified stuffle
relation arising from the identity

q(s−1)n

[n]s
q

q(r−1)n

[n]r
q

= (1− q)
q(s+r−2)n

[n]s+r−1
q

+ q(s+r−1)n

[n]s+r
q

, n, s, r ∈N

(see [Bra05, (2.2)]). We also remark that there are various other models of q-analogs of multiple zeta
values in the literature (see, e.g., [Sch01, Zud03, Oko14, Bac20]).

1.3. Preliminaries on Function Field Arithmetic. We now consider the positive characteristic set-
ting:

Symbol Description

Fr finite field with r elements, where r is a power of a prime p
A = Fr[θ] the ring of polynomials in the variable θ over Fr
K = Fr(θ) the field of fractions of A
K∞ = Fr((1/θ)) the completion of K at the infinite place with uniformizer 1/θ
C∞ the completion of a fixed algebraic closure of K∞
| · |∞ the ∞-adic absolute value on C∞ normalized such that |θ|∞ = r.
A+ the set of monic polynomials in A
Ad the set of polynomials in A with deg= d
A<d the set of polynomials in A with deg< d
A≤d the set of polynomials in A with deg≤ d
A+,d = A+∩ Ad the set of monic polynomials in A with deg= d
A+,<d = A+∩ A<d the set of monic polynomials in A with deg< d
A+,≤d = A+∩ A≤d the set of monic polynomials in A with deg≤ d

Note that in the function field setting, the objects A, K , K∞, and C∞ play the roles of Z, Q, R, and C

respectively. Furthermore, A+ is viewed as the function field analog of the set of positive integers N.
We first recall the well-known Carlitz theory (see [Car35, Gos96, Tha04] for details). For any com-

mutative ring R with unity, let R-alg and R-mod denote the category of commutative associative R-
algebras and the category of R-modules, respectively. Then the Carlitz module is defined as the functor

C : A-alg→ A-mod

which sends each A-algebra B to the A-module C(B)= B where the A-module structure is given by the
unique Fr-linear homomorphism

C : A →EndFr (Ga(B)), a 7→Ca(τ) :=
dega∑
i=0

[a, i]τi,

such that Cθ(τ) = θ id+τ. Here, EndFr (Ga(B)) denotes the ring of all Fr-linear endomorphisms of the
additive group Ga over B, and τ : u 7→ ur denotes the r-th power Frobenius endomorphism on B. Fur-
thermore, for any a ∈ A, we let

Ca(X )=
dega∑
i=0

[a, i]X ri ∈ A[X ]

be the associated Fr-linear polynomial.
The Carlitz module C serves as the function field counterpart of the multiplicative group

Gm :Z-alg→Z-mod.
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They share many similar properties. For example, we have the Carlitz exponential defined by

expC(X )=
∞∑

i=0

X ri

D i
, D i =

i−1∏
j=0

(θri −θr j
),

which satisfies the functional equation

Ca(expC(X ))= expC(aX ), a ∈ A,

and plays the role of the classical exponential exp(z). This induces the following short exact sequence
of A-modules:

0−→ π̃A −→Lie(C)(C∞)=C∞
expC−−−→C(C∞)=C∞ −→ 0,

which is analogous to the short exact sequence of Z-modules:

0−→ 2π
p
−1Z−→Lie(Gm)(C)=C

exp−−→Gm(C)=C× −→ 1.

Here, π̃ is the Carlitz period given by

π̃= (−θ)r/(r−1)
∞∏

i=1

(
1−θ1−ri

)−1 ∈C∞,

where a choice of an (r−1)-st root of −θ is fixed (thus, π̃ is well-defined up to a factor in F×r ). We remark
that π̃ is transcendental (see [Wad41]) and naturally serves as the function field counterpart of 2π

p−1.
On the other hand, for n ∈ A, the A-module of Carlitz n-torsion points, defined by

Λn := {u ∈C∞ : Cn(u)= 0},

is a cyclic A-module generated by the element λn := expC(π̃/n). This torsion submodule Λn of C(C∞) is
completely analogous to the classical group of n-th roots of unity in Gm(C)=C×.

Next, we introduce the theory of multiple zeta values in this setting. We denote by

Iext :=
∞⋃

m=1
Zm ∪ {∅}

the set of extended indices. An index s ∈ Iext is called positive if s ∈ I. Otherwise, it is called non-positive.
Then Thakur’s power sum is defined by

Sd(s)= ∑
a∈A+,d

1
as , d, s ∈Z.

By the empty sum convention, we note that S<d(s) = 0 for d < 0. Now, for any non-empty index s =
(s1, . . . , sm) ∈ Iext, we define Thakur’s multiple power sum

Sd(s)= ∑
d=d1>···>dm≥0

Sd1(s1) · · ·Sdm(sm), d ∈Z,

and
S<d(s)= ∑

d>d1>···>dm≥0
Sd1(s1) · · ·Sdm(sm), d ∈Z.

We conventionally set Sd(∅) = δd,0 and S<d(∅) = 1 for all d ∈Z where δi, j denotes the Kronecker delta.
With these notions, Thakur’s multiple zeta value is defined by

ζA(s)= lim
d→∞

S<d(s) ∈ K∞

for any index s ∈ Iext. We mention that for any non-empty positive s ∈ I, we have

ζA(s)= ∑
a1,...,am∈A+

dega1>···>degam≥0

1
as1

1 · · ·asm
m

∈ K∞.
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On the other hand, for any non-positive s ∈ Iext, note that the power sum Sd(s) at non-positive integer
s ≤ 0 vanishes for sufficiently large d (see [Tha04, Theorem 5.1.2]). Thus, Sd(s) → 0 as d →∞ for any
s ∈ Z, which guarantees the convergence of ζA(s). We denote by Z∞ = 〈ζA(s) : s ∈ I〉K = 〈ζA(s) : s ∈ Iext〉K
the K-algebra generated by all Thakur’s multiple zeta values (see Lemma 4.18).

In 2010, Thakur [Tha10] proved that the product of two of Thakur’s multiple zeta values at positive
indices can be expressed as an Fp-linear combination of values of the same weight, known as the r-
shuffle relations. Chen [Che15] proved the following explicit formula: For any r1, s1 ∈N,

ζA(r1)ζA(s1)= ζA(r1, s1)+ζA(s1, r1)+ζA(r1 + s1)+ ∑
i, j≥1

i+ j=r1+s1

∆
i, j
r1,s1ζA(i, j),

where

∆
i, j
r1,s1 =

{
(−1)r1−1( j−1

r1−1

)+ (−1)s1−1( j−1
s1−1

)
, if (r−1) | j,

0, otherwise,
(1.1)

and
(m

n
)

denotes the usual binomial coefficient modulo p. Based on Chen’s formula, Yamamoto observed
a (conjectural) inductive formula for the r-shuffle relations (1.2). The following r-shuffle algebra (R,∗)
was formulated in [Shi18]:

Definition 1.4. Let M be the free monoid generated by the set {xk : k ∈N} and let R be the Fp-vector
space generated by M . For any non-empty index s = (s1, . . . , sm) ∈ I and the empty index ∅, we define
s− = (s2, . . . , sm) and ∅− =∅. Moreover, we denote the corresponding words by xs = xs1 · · ·xsm and x∅ = 1.
We define the r-shuffle product ∗ on R inductively on the sum of depths as follows:

(1) For any index s ∈ I, define
1∗ xs = xs∗1= xs.

(2) For non-empty indices r= (r1, . . . , rm),s= (s1, . . . , sn) ∈ I, define

xr∗ xs = xr1(xr− ∗ xs)+ xs1(xr∗ xs−)+ xr1+s1(xr− ∗ xs−)+ ∑
i, j≥1

i+ j=r1+s1

∆
i, j
r1,s1 xi((xr− ∗ xs−)∗ x j). (1.2)

(3) Extend the product ∗ to the Fp-vector space R by the distributive law.

Shi showed in her PhD thesis [Shi18] that the r-shuffle product ∗ on R indeed encodes the r-shuffle
relations of Thakur’s multiple zeta values. Precisely, we have the following theorem:

Theorem 1.5 ([Shi18, Theorem 3.1.4]). For d ≥ 0, let Ŝ<d, ζ̂A : R → K∞ be the unique Fp-linear maps
satisfying

Ŝ<d(1) := 1, Ŝ<d(xs) := S<d(s),
and

ζ̂A(1) := 1, ζ̂A(xs) := lim
d→∞

Ŝ<d(xs)= ζA(s).

Then Ŝ<d is an Fp-algebra homomorphism. Consequently, ζ̂A is also an Fp-algebra homomorphism, i.e.,

ζ̂A(xr∗ xs)= ζA(r)ζA(s).

Next, we consider the finite multiple zeta values over K . We begin with the ring

AK =
(∏

v
Fv

)/(⊕
v
Fv

)
,

where v ranges over all monic irreducible polynomials in A and Fv = A/(v). Notice that we have a
natural embedding K ,→ AK . The K-algebra AK is a natural analog of Kontsevich’s ring A and was
studied in [CM17, Shi18]. The finite multiple zeta value over K is defined by

ζAK (s)= (
S<degv(s) mod v

)
v ∈AK , ∅ 6= s= (s1, . . . , sm) ∈ Iext.
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We set ζAK (∅) = (1)v and denote the K-algebra generated by all finite multiple zeta values over K by
ZAK = 〈ζAK (s) : s ∈ I〉K = 〈ζAK (s) : s ∈ Iext〉K (see Lemma 4.18). It is immediate from the definitions and
Theorem 1.5 that the finite multiple zeta values over K at positive indices also satisfy the same r-shuffle
relations as Thakur’s multiple zeta values.

1.4. Main Results and Organization of the Paper. In this paper, we introduce the concepts of the
u-bracket [a]u = Ca(u)/u, the finite multiple harmonic u-series H<d(s;u), and u-multiple zeta values
ζu(s) (see Definitions 2.1, 3.2, and 3.4). These objects serve as function field counterparts to the clas-
sical q-bracket [n]q, the finite multiple harmonic q-series Z<n(s; q), and q-multiple zeta values ζq(s),
respectively. Based on these new definitions, we establish the following results:

Theorem 1.6 (restated as Theorem 3.18). For any index s ∈ Iext, we have

ζA(s)= lim
degn→∞

H<degn(s;λn).

Theorem 1.7 (restated as Theorem 3.19). For any index s ∈ Iext, we have

ζAK (s)= (
H<degv(s;λv) mod λv

)
v ∈AK .

Roughly speaking, taking the “analytic limit” of the finite multiple harmonic u-series at Carlitz tor-
sion points leads to Thakur’s multiple zeta values, while taking the “algebraic limit” provides the finite
multiple zeta values over K (cf. Theorems 1.2 and 1.3).

Furthermore, we compute the formal power series expansion of u-multiple zeta values and show that
their coefficients are in fact K-linear combinations of Thakur’s multiple zeta values:

Theorem 1.8 (restated as Propositions 4.6 and 4.7). Let s= (s1, . . . , sm) ∈ Iext. Then

ζu(s)=
∞∑

N=0
γN(s)uN(r−1) ∈C∞[[u]],

where

γN(s)= ∑
n1,...,nm≥0

n1+···+nm=N

n1(r−1)∑
i1=0

· · ·
nm(r−1)∑

im=0

(
m∏

j=1
c(s j)

n j ,i j

)
ζA(s1 − i1, . . . , sm − im),

for some explicit constants c(s)
n,i ∈ K .

We remark that the above theorems hold not only for positive indices but also for non-positive ones.
In addition, following the approach of [Shi18] (see also [Tha10]), we show that the finite multiple

harmonic u-series H<d(s;u) and the u-multiple zeta values ζu(s) satisfy the same r-shuffle relations
as Thakur’s multiple zeta values (see Corollaries 3.12, 3.13, 4.10 and 4.11). As an application, we find
a Hasse-Schmidt derivation (DN)N≥0 over the realization map ζ̂A : R → Z∞ of Thakur’s multiple zeta
values. More precisely, we have the following theorem:

Theorem 1.9 (restated as Theorem 4.20). For N ≥ 0, let DN : R →Z∞ be the unique Fp-linear map such
that DN(x∅)= δN,0 and

DN(xs) := ∑
n1,...,nm≥0

n1+···+nm=N

(
m∏

j=1

(
−s j

n j

))
ζA(s1 −n1(r−1), . . . , sm −nm(r−1))

for non-empty index s= (s1, . . . , sm) ∈ I. Then for any indices r,s ∈ I, we have D0 = ζ̂A and

DN(xr∗ xs)=
N∑

k=0
Dk(xr)DN−k(xs).
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In effect, Theorem 1.9 provides a family of explicit relations between Thakur’s multiple zeta values
at both positive and non-positive indices (cf. (4.9), (4.10)).

The introduction of u-multiple zeta values naturally raises several intriguing questions for future
research. For instance, given that multiple harmonic u-series serve as a bridge between Thakur’s
multiple zeta values analytically and finite multiple zeta values over K algebraically, one might ask if
they admit a natural connection to v-adic multiple zeta values (see [CM19, CM21, CCM22]), or even to
adelic multiple zeta values over K (see [Che23]). The author aims to explore some of these directions in
future work.

Having stated our main results, we now outline the contents of the remaining sections.
In §2, we define the u-bracket and u-Carlitz factorial (see Definitions 2.1 and 2.3), and establish a

u-analog of Legendre’s formula in §2.1 (see Proposition 2.4). Furthermore, we provide estimates on the
coefficients of the Carlitz module and the u-bracket in §2.2, which will be essential for the subsequent
analysis.

In §3, we investigate the finite multiple u-series and u-multiple zeta values, whose definitions are
given in §3.1. In §3.2, we work in a more general setting to prove that these values satisfy the same
r-shuffle relations as Thakur’s multiple zeta values at positive indices. We then establish an Euler–
Carlitz-type formula for finite multiple harmonic u-series at Carlitz torsion points in §3.3 (see Theorem
3.15). In §3.4, we provide the proofs of Theorems 1.6 and 1.7. In conjunction with the Euler–Carlitz-type
formula, these theorems recover the original Euler–Carlitz formula for Thakur’s multiple zeta values
and imply the vanishing of finite multiple zeta values over K at r-even integers (see Corollaries 3.20
and 3.21).

In §4, we further discuss the properties of u-multiple zeta values. In §4.1, we view these values
as functions on the Drinfeld upper-half plane by setting u = expC(π̃z), and prove that they are rigid
analytic. In §4.2, we treat u-multiple zeta values as formal power series in u. Specifically, we compute
their explicit coefficients and provide a proof of Theorem 1.8. Finally, in §4.3, inspired by this formal
expansion, we define the operators (DN)N≥0 and prove Theorem 1.9 by applying the abstract framework
of r-shuffle relations established in §3.2.
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2. u-BRACKET AND u-CARLITZ FACTORIAL

2.1. u-Bracket and u-Carlitz Factorial.

Definition 2.1. For each a ∈ A, we define the u-bracket as the polynomial in the formal variable u given
by

[a]u := Ca(u)
u

∈C∞[u]⊆C∞[[u]].
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When u is specialized to a value in C∞, this recovers the evaluation

[a]u =
{Ca(u)

u if u 6= 0,
a if u = 0.

One sees that [a]u → a as u → 0, analogous to the classical q-bracket [n]q = qn−1
q−1 → n as q → 1.

Furthermore, we have the following immediate properties:

Lemma 2.2. For a,b ∈ A and ε ∈ Fr, we have
(1) [a+b]u = [a]u + [b]u.
(2) [εa]u = ε[a]u.
(3) [a]u[b]Ca(u) = [a]Cb(u)[b]u = [ab]u.

Proof. (1), (2) follow directly from the Fr-linearity of Carlitz action. (3) follows from the fact that

[a]u[b]Ca(u) =
Ca(u)

u
· Cb(Ca(u))

Ca(u)
= Cab(u)

u
= Ca(Cb(u))

Cb(u)
· Cb(u)

u
= [a]Cb(u)[b]u.

□

We now use u-brackets to define a u-analog of Carlitz factorials.

Definition 2.3. Let n =∑∞
d=0 ndrd ∈Z≥0 where 0≤ nd ≤ r−1. We define the n-th u-Carlitz factorial by

Γu,n+1 =
∞∏

d=0
Dnd

u,d ∈C∞[u]

where for each d ∈Z≥0,
Du,d := ∏

a∈A+,d

[a]u ∈C∞[u].

Recall that the n-th Carlitz factorial is defined by Γn+1 := ∏∞
d=0 Dnd

d where Dd = ∏
a∈A+,d a ∈ A. A

celebrated result by W. Sinnott states that (see [Gos96, Theorem 9.1.1])

Γn+1 =
∏

v monic irreducible
v

∑
e≥1bn/|ve|∞c, (2.1)

which serves as the function field analog of Legendre’s formula for the classical factorial

n!= ∏
p prime

p
∑

e≥1bn/|pe|c.

We briefly recall the notion of Carlitz cyclotomic polynomials (see [Pap23, Definition 7.1.4]). For
a ∈ A+, the a-th Carlitz cyclotomic polynomial is defined as

ΦC
a (X ) := ∏

degb<dega
gcd(a,b)=1

(X −Cb(λa)) ∈ K[X ],

which serves as the function field analog of the classical cyclotomic polynomial Φk(X ) ∈Q[X ]. Then the
following proposition provides a u-analog of Sinnott’s identity.

Proposition 2.4. For n ∈Z≥0, we have

Γu,n+1 =
∏

a∈A+
a 6=1

ΦC
a (u)bn/|a|∞c

where ΦC
a (x) denotes the a-th Carlitz cyclotomic polynomial.
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Proof. First, notice that for d ∈Z≥0, we have

Du,d = u−rd ∏
b∈A+,d

Cb(u)= u−rd ∏
b∈A+,d

∏
a∈A+

a|b

ΦC
a (u)= u−rd ∏

a∈A+,≤d

ΦC
a (u)rd−dega

.

For the last equality, we observe that each a ∈ A+,≤d has exactly rd−dega monic multiples of degree d in
A. Now, write n =∑∞

d=0 ndrd, 0≤ nd ≤ r−1. Then

Γu,n+1 = u−∑∞
d=0 nd rd ∞∏

d=0

∏
a∈A+,≤d

ΦC
a (u)nd rd−dega

. (2.2)

For each a ∈ A+, observe that the total exponent of ΦC
a (u) in (2.2) is∑

d≥dega
ndrd−dega = bn/rdegac = bn/|a|∞c.

Finally, note that ΦC
1 (u)= u. We conclude

Γu,n+1 = u−nΦC
1 (u)n ∏

a∈A+
a 6=1

ΦC
a (u)bn/|a|∞c = ∏

a∈A+
a 6=1

ΦC
a (u)bn/|a|∞c.

□
To see that Proposition 2.4 serves as a u-analog of (2.1), we require the following lemma:

Lemma 2.5. Let a ∈ A+ with a 6= 1. Then the a-th Carlitz cyclotomic polynomial ΦC
a (u) evaluated at

u = 0 satisfies

ΦC
a (0)=

{
v, if a = ve for some monic irreducible polynomial v and e ≥ 1,
1, if a has at least two distinct monic irreducible factors.

Proof. Note that

[a]u = Ca(u)
u

= u−1 ∏
b|a

ΦC
b (u)= ∏

b|a
b 6=1

ΦC
b (u).

Evaluating both sides at u = 0, we obtain

a = ∏
b|a
b 6=1

ΦC
b (0)=∏

b|a
f (b),

where f : A+ → A is defined by f (1)= 1 and f (b)=ΦC
b (0) for b 6= 1.

By the Möbius inversion formula on the divisibility poset of A+ (see [Sta12, Section 3.7]), we can
express f (a) as

f (a)=∏
b|a

bµ(a/b),

where µ is the Möbius function on A+ defined by µ(1) = 1, µ(a) = (−1)k if a is a product of k distinct
monic irreducible polynomials, and µ(a)= 0 otherwise.

We now determine the values of f (a) by considering the following cases.
Case 1: a = ve for some monic irreducible polynomial v ∈ A+.

Any divisors of a are of the form vk for 0≤ k ≤ e and µ(ve/vk)=µ(ve−k) is non-zero only when e−k = 0 or
1. Thus, we obtain

f (ve)= (ve)µ(1) · (ve−1)µ(v) = (ve)1 · (ve−1)−1 = v.
Hence, ΦC

ve (0)= v.
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Case 2: a has at least two distinct monic irreducible factors.
We proceed by induction on dega. The base case is clear by Case 1. Suppose ΦC

b (0) = 1 for all b ∈ A+
with degb < dega. Let a = ve1

1 ve2
2 · · ·vek

k ∈ A+ where vi are distinct monic irreducible polynomials, e i ∈N,
and k ≥ 2. Then we have

a =ΦC
a (0) ·

(
k∏

i=1

e i∏
j=1

ΦC
v j

i
(0)

)
·

 ∏
b|a, b 6=a

b has ≥2 irreducible factors

ΦC
b (0)

 .

By Case 1 and induction hypothesis, we have

a =ΦC
a (0) ·

k∏
i=1

e i∏
j=1

vi ·1=ΦC
a (0) ·

k∏
i=1

ve i
i =ΦC

a (0) ·a.

This forces ΦC
a (0)= 1, which completes the proof. □

Hence, as u → 0, Lemma 2.5 recovers Sinnott’s identity (2.1).

2.2. Estimates for the u-Bracket. In this subsection, we characterize the domain of u for which [a]u
diverges as dega →∞. These estimates will be essential for the subsequent analysis.

Definition 2.6. Define D to be the subset

D=C∞ \{u ∈C∞ : |u|∞ = rk+1/(r−1),k ∈Z≤0}.

Remark 2.7. We remark that D contains the following regions:
(1) u = 0.
(2) {u ∈C∞ : |u| > r1/(r−1)}.

Moreover, D avoids all non-zero Carlitz torsion points, as the absolute value of any such point is of the
form rk+ 1

r−1 for some k ∈Z≤0 (see [Ros02, Proposition 12.13]).

We shall prove that for u ∈ D, |[a]u|∞ → ∞ as dega → ∞ by the following estimates on the terms
[a, i]uri

of Carlitz polynomials Ca(u).

Lemma 2.8. For 0 6= u ∈D and a ∈ Ad, there exists a unique 0≤ i0 := i0(d)≤ d such that

|[a, i]uri |∞ < |[a, i0]uri0 |∞
for all 0≤ i ≤ d with i 6= i0. Moreover, we have the following properties:

(1) i0 depends only on d for any fixed u.
(2) i0(d)→∞ as d →∞.
(3) d− i0(d)= κu for all d large enough, where κu is a non-negative integer depending only on u.

Proof. Since u 6= 0, we may write |u|∞ = rη for some η ∈ R. For a ∈ A with dega = d and each 0 ≤ i ≤ d,
we have (see [Ros02, Proposition 12.11])

|[a, i]|∞ = rri(d−i).

Hence,
|[a, i]uri |∞ = rri(d−i)rriη = rri(d−i+η).

Consider the real-valued function

Rd(x)= rx(d− x+η), x ∈R.

Standard calculus shows that Rd attains its maximum at

x∗ = d+η− 1
ln r

,
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and that Rd(x) is strictly increasing on [0, x∗] and strictly decreasing on [x∗,∞).
Let n = bx∗c. Then the maximum among {Rd(i)}0≤i≤d is determined as follows:
Case 1: n > d−1. The maximum is attained at i = d, so

max
0≤i≤d

Rd(i)= Rd(d),

and the maximum is unique.
Case 2: n < 0. The maximum is attained at i = 0, so

max
0≤i≤d

Rd(i)= Rd(0),

and the maximum is unique.
Case 3: 0≤ n ≤ d−1. The maximum is

max
0≤i≤d

Rd(i)=max{Rd(n),Rd(n+1)}.

We now determine when Rd(n)= Rd(n+1). We compute that

Rd(n+1)−Rd(n)= 0 ⇐⇒ rn (
(r−1)(d−n+η)− r

)= 0

⇐⇒ d−n+η= r
r−1

.

Since n ≤ d−1, d−n is a positive integer. Thus, this equality fails whenever η ∉Z≤0+ 1
r−1 . Consequently,

under the assumption that u ∈D, the set {Rd(i)}0≤i≤d has a unique maximum.
We now analyze this more precisely by considering the value of η:
Case A: η> 1

r−1 . Note that

0< 1
ln r

− 1
r−1

< 1.

One verifies that
n = bd+η− 1

ln r c ≥ d−1.

If n = d−1, then d−n+η= 1+η> 1+ 1
r−1 = r

r−1 , so Rd(n+1)> Rd(n) and the unique maximum is Rd(d).
If n > d−1, the maximum is precisely Rd(d) as shown in Case 1. Therefore,

max
0≤i≤d

Rd(i)= Rd(d),

and hence i0(d)= d in this case.
Case B: η< 1

r−1 and η ∉Z≤0 + 1
r−1 . One has

n = bd+η− 1
ln r c ≤ d−1.

We remark that for d large enough, n ≥ 0. By Case 3, the unique maximum lies in {Rd(n),Rd(n+1)}.
Note that

Rd(n+1)−Rd(n)> 0 ⇐⇒ d−n+η> r
r−1

.

We compute
d−n+η= d−bd+η− 1

ln r c+η= η−bη− 1
ln r c,

so the choice between n and n+1 depends only on η. Consequently, either

i0(d)= bd+η− 1
ln r c = d+bη− 1

ln r c,
or

i0(d)= bd+η− 1
ln r c+1= d+1+bη− 1

ln r c.
The three desired properties follow immediately from the above analysis, completing the proof. □
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Corollary 2.9. For u ∈D, we have
|[a]u|∞ →∞

as dega →∞.

Proof. For u = 0, the result is clear. Suppose u 6= 0. Write |u|∞ = rη for some η ∈ R. Let a ∈ A with
d = dega ≥ 1. By Lemma 2.8 and the strong triangle inequality, we have

|Ca(u)|∞ =
∣∣∣∣∣ d∑
i=0

[a, i]uri

∣∣∣∣∣∞ = rRd(i0) ≥ rRd(1) = r r(d−1+η).

Hence,

|[a]u|∞ =
∣∣∣∣Ca(u)

u

∣∣∣∣∞ ≥ r r(d−1+η)−η →∞
as d →∞. □

3. FINITE MULTIPLE HARMONIC u-SERIES

In this section, we study the finite multiple harmonic u-series, which is viewed as a u-analog of the
truncation of Thakur’s multiple zeta values. Specifically, we will first show that they satisfy the r-shuffle
relations and possess an Euler-Carlitz-type formula. Furthermore, we examine both the “algebraic” and
“analytic” limits of the finite multiple harmonic u-series evaluated at Carlitz torsion points, in view of
the work of Bachmann, Takeyama, and Tasaka [BTT18].

3.1. Finite Multiple Harmonic u-Series. First, we recall the notations

Iext =
∞⋃

m=1
Zm ∪ {∅} and I=

∞⋃
m=1

Nm ∪ {∅}.

Also, by convention, an empty sum is defined to be zero and an empty product to be one.
We now introduce u-analogs of Thakur’s power sums and finite multiple harmonic series.

Definition 3.1. For s,d ∈Z, we define the u-power sum by

Hd(s;u) := ∑
a∈A+,d

1
[a]s

u
∈C∞[[u]].

For any non-empty index s= (s1, . . . , sm) ∈ Iext and d ∈Z, we define the u-multiple power sum by

Hd(s;u) := ∑
d=d1>···>dm≥0

Hd1(s1;u) · · ·Hdm(sm;u)

= ∑
a1,...,am∈A+

d=dega1>...>degam≥0

1
[a1]s1

u · · · [am]sm
u

∈C∞[[u]].

We conventionally put Hd(∅;u) = δd,0 where δi, j denotes the Kronecker delta. Evaluating Hd(s;u) at
any u ∈C∞ such that Ca(u) 6= 0 for all a ∈ A+,≤d yields a well-defined element in C∞.

Definition 3.2. For any non-empty index s = (s1, . . . , sm) ∈ Iext and d ∈ Z, we define the finite multiple
harmonic u-series by

H<d(s;u) := ∑
d>d1>···>dm≥0

Hd1(s1;u) · · ·Hdm(sm;u)

= ∑
a1,...,am∈A+

d>dega1>···>degam≥0

1
[a1]s1

u · · · [am]sm
u

∈C∞[[u]].
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We conventionally put H<d(∅;u) = 1. Evaluating H<d(s;u) at any u ∈ C∞ such that Ca(u) 6= 0 for all
a ∈ A+,<d yields a well-defined element in C∞.

Note that whenever dep(s)> d+1, Hd(s;u) is an empty sum and thus equals zero. Similarly, H<d(s;u)=
0 whenever dep(s)> d.

Remark 3.3. One observes that as u → 0, the u-multiple power sums and finite multiple harmonic u-
series reduce to Thakur’s multiple power sums and finite multiple harmonic series, respectively. That
is, for any index s= (s1, . . . , sm) ∈ Iext,

lim
u→0

Hd(s;u)= Sd(s)= ∑
a1,...,am∈A+

d=dega1>···>degam≥0

1
as1

1 · · ·asm
m

and
lim
u→0

H<d(s;u)= S<d(s) := ∑
a1,...,am∈A+

d>dega1>···>degam≥0

1
as1

1 · · ·asm
m

.

Hence, we have limd→∞ limu→0 H<d(s;u)= ζA(s).

Parallel to the classical theory, we introduce a u-analog of Thakur’s multiple zeta values.

Definition 3.4. For any non-empty index s= (s1, . . . , sm) ∈ Iext and u ∈C∞ with Ca(u) 6= 0 for all a ∈ A+,
we define the u-multiple zeta value by

ζu(s) := lim
d→∞

H<d(s;u)

whenever the series converges in C∞.

Remark 3.5. Corollary 2.9 implies that for u ∈ D, the series ζu(s) converges for any positive index
s ∈ I. For non-positive indices, note that for each fixed s ≤ 0, the u-power sum Hd(s;u) vanishes for
all sufficiently large d (see [Tha04, Theorem 5.1.2]). Then Corollary 2.9 together with this observation
guarantee the convergence of ζu(s).

Remark 3.6. In general, ζu(s) may not converge to ζA(s) as u → 0. However, one can check by us-
ing similar arguments in Theorem 3.18 that there exists a sequence (un)n≥1 tending to 0 such that
limn→∞ ζun(s)= ζA(s) for any index s ∈ Iext.

3.2. r-Shuffle Relations. In this subsection, we aim to show that both finite multiple harmonic u-
series and u-multiple zeta values at positive indices satisfy the r-shuffle relations. To this end, we first
establish the result in a more formal and general framework by considering the following setting:

Let K be an integral domain containing Fr and fix d0 ∈N. For each a ∈ A<d0 , we assign an element
[a] ∈K. We assume the bracket satisfying the following properties:

(1) For all a ∈ A+,<d0 , [a] ∈K×.
(2) For all a,b ∈ A<d0 ,

[a+b]= [a]+ [b].
(3) For all a ∈ A<d0 and ε ∈ Fr,

[εa]= ε[a].
In particular, one sees that for u ∈ C∞ with Ca(u) 6= 0 for all a ∈ A+,<d0 , the u-bracket [a]u satisfies all
the properties.

Next, for any index s= (s1, . . . , sm) ∈ I, we consider the formal version of multiple power sum

Hd(s)= ∑
a1,...,am∈A+

d=dega1>···>degam≥0

1
[a1]s1 · · · [am]sm

∈K, 0≤ d < d0, (3.1)
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and the corresponding finite multiple harmonic series

H<d(s) := ∑
a1,...,am∈A+

d>dega1>···>degam≥0

1
[a1]s1 · · · [am]sm

∈K, 1≤ d ≤ d0. (3.2)

By convention, we put H<0(s)= 0 for all non-empty s ∈ I and H<d(∅)= 1 for all 0≤ d ≤ d0. We let�H<d : R →K

be the unique Fp-linear map such that

1= x∅ 7→ 1, xs 7→H<d(s),

and recall the notation s− ∈ I, denoting the index obtained by removing the first entry of s ∈ I. Then we
show that H<d0(s) satisfies the r-shuffle relations. For this purpose, we establish several preliminary
lemmas:

Lemma 3.7. Let 0≤ d < d0 and s= (s1, . . . , sm) ∈ I be a non-empty index. Then we have

H<d(s)= ∑
0≤d1<d

Hd1(s).

Lemma 3.8. Let 0≤ d < d0 and s= (s1, . . . , sm) ∈ I be a non-empty index. Then we have

Hd(s)=Hd(s1)H<d(s−).

In the following proofs of Lemma 3.9 and Theorem 3.10, we closely follow the arguments of Shi [Shi18,
Theorem 3.1.4] for S<d(s) (see also [Tha10]).

Lemma 3.9. Let 0≤ d < d0 and r1, s1 ∈N. Then we have

Hd(r1)Hd(s1)=Hd(r1 + s1)+ ∑
i, j≥1

i+ j=r1+s1

∆
i, j
r1,s1Hd(i, j)

where ∆
i, j
r1,s1 is defined in (1.1).

Proof. Note that

Hd(r1)Hd(s1)=
( ∑

a∈A+,d

1
[a]r1

)( ∑
b∈A+,d

1
[b]s1

)

= ∑
a∈A+,d

1
[a]r1+s1

+ ∑
a,b∈A+,d

a 6=b

1
[a]r1[b]s1

=Hd(r1 + s1)+ ∑
a,b∈A+,d

a 6=b

1
[a]r1[b]s1

.

Next, recall the partial fraction decomposition: For elements x 6= y in an integral domain, we have

1
xr1 ys1

= ∑
i+ j=r1+s1

1
(x− y) j

(
(−1)s1

( j−1
s1−1

)
xi +

(−1) j−r1
( j−1
r1−1

)
yi

)
.

Thus, we have

∑
a,b∈A+,d

a 6=b

1
[a]r1[b]s1

= ∑
a,b∈A+,d

a 6=b

∑
i+ j=r1+s1

1

([a]− [b]) j

(
(−1)s1

( j−1
s1−1

)
[a]i +

(−1) j−r1
( j−1
r1−1

)
[b]i

)
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= ∑
a∈A+,d

0 6= f ∈A<d

∑
i+ j=r1+s1

1
[ f ] j

(
(−1)s1

( j−1
s1−1

)
[a]i +

(−1) j−r1
( j−1
r1−1

)
[a− f ]i

)
. (3.3)

Note that the first summand in (3.3) equals

∑
i+ j=r1+s1

∑
a∈A+,06= f ∈A
d=dega>deg f

(−1)s1
( j−1
s1−1

)
[a]i[ f ] j = ∑

i+ j=r1+s1

( ∑
ε∈F×r

1
ε j

) ∑
a, f ∈A+

d=dega>deg f

(−1)s1
( j−1
s1−1

)
[a]i[ f ] j


= ∑

i+ j=r1+s1
(r−1)| j

(−1)s1+1

(
j−1

s1 −1

)
Hd(i, j).

Similarly, the second summand in (3.3) becomes

∑
i+ j=r1+s1

∑
(a− f )∈A+,06= f ∈A
d=deg(a− f )>deg f

(−1) j−r1
( j−1
r1−1

)
[a− f ]i[ f ] j = ∑

i+ j=r1+s1
(r−1)| j

(−1) j−r1+1

(
j−1

r1 −1

)
Hd(i, j).

Note that (−1)s1+1 = (−1)s1−1 and (−1) j−r1+1 = (−1)r1−1 since (r−1) | j. It follows that

Hd(r1)Hd(s1)=Hd(r1 + s1)+ ∑
i, j≥1

i+ j=r1+s1

∆
i, j
r1,s1Hd(i, j).

□
With the necessary lemmas in hand, we prove that �H<d0 : R →K forms an Fp-algebra homomorphism.

That is, H<d0(s) satisfies the r-shuffle relations.

Theorem 3.10. Let 1≤ d ≤ d0. Then �H<d is an Fp-algebra homomorphism. That is,�H<d(xr∗ xs)= �H<d(xr)�H<d(xs)=H<d(r)H<d(s)

for any indices r,s ∈ I.

Proof. We proceed by induction on the total depth k = dep(r)+dep(s). When r or s is empty, the results
is clear. In particular, the base case k = 1 holds. Suppose the result holds for all k < ℓ. We may assume
both r and s are non-empty. Let r = (r1, . . . , rn),s = (s1, . . . , sm) ∈ I be non-empty indices with m+n = ℓ.
Then by Lemma 3.7, we have�H<d(xr)�H<d(xs)

=
( ∑

0≤d1<d
Hd1(r)

)( ∑
0≤d2<d

Hd2(s)

)
= ∑

0≤d2<d1<d
Hd1(r)Hd2(s)+ ∑

0≤d1<d2<d
Hd1(r)Hd2(s)+ ∑

0≤d2=d1<d
Hd1(r)Hd2(s)

= ∑
0≤d1<d

Hd1(r)

( ∑
0≤d2<d1

Hd2(s)

)
+ ∑

0≤d2<d

( ∑
0≤d1<d2

Hd1(r)

)
Hd2(s)

+ ∑
0≤d3<d

Hd3(r)Hd3(s)

= ∑
0≤d1<d

Hd1(r)H<d1(s)+ ∑
0≤d2<d

H<d2(r)Hd2(s)+ ∑
0≤d3<d

Hd3(r)Hd3(s)
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For the third equality, note that empty sums are taken to be zero. Hence, by Lemma 3.8, we obtain

�H<d(xr)�H<d(xs)=
∑

0≤d1<d
Hd1(r1)H<d1(r−)H<d1(s)

+ ∑
0≤d2<d

Hd2(s1)H<d2(s−)H<d2(r)

+ ∑
0≤d3<d

Hd3(s1)Hd3(r1)H<d3(r−)H<d3(s−). (3.4)

By induction hypothesis and Lemma 3.8, the first summand in (3.4) becomes∑
0≤d1<d

Hd1(r1)H<d1(r−)H<d1(s)= ∑
0≤d1<d

Hd1(r1)�H<d1(xr− ∗ xs)

= ∑
0≤d1<d

Ĥd1(xr1(xr− ∗ xs))

= �H<d(xr1(xr− ∗ xs)).

The second equality can be checked immediately by writing xr− ∗ xs = ∑
i cixti , ci ∈ Fp and using the

Fp-linearity. Similarly, the second summand in (3.4) equals∑
0≤d2<d

Hd2(s1)H<d2(s−)H<d2(r)= �H<d(xs1(xr∗ xs−)).

Finally, by Lemmas 3.7, 3.8, 3.9 and induction hypothesis, the third summand in (3.4) is∑
0≤d3<d

Hd3(s1)Hd3(r1)H<d3(r−)H<d3(s−)

= ∑
0≤d3<d

Hd3(s1)Hd3(r1)�H<d3(xr− ∗ xs−)

= ∑
0≤d3<d

Hd3(r1 + s1)+ ∑
i, j≥1

i+ j=r1+s1

∆
i, j
r1,s1Hd3(i, j)

�H<d3(xr− ∗ xs−)

= ∑
0≤d3<d

Hd3(r1 + s1)�H<d3(xr− ∗ xs−)+ ∑
0≤d3<d

∑
i, j≥1

i+ j=r1+s1

∆
i, j
r1,s1Hd3(i, j)�H<d3(xr− ∗ xs−)

= �H<d(xr1+s1(xr− ∗ xs−))+ ∑
i, j≥1

i+ j=r1+s1

∆
i, j
r1,s1

∑
0≤d3<d

Hd3(i)�H<d3(xr− ∗ xs−)H<d3( j)

= �H<d(xr1+s1(xr− ∗ xs−))+ ∑
i, j≥1

i+ j=r1+s1

∆
i, j
r1,s1

∑
0≤d3<d

Hd3(i)�H<d3(xr− ∗ xs−)�H<d3(x j)

= �H<d(xr1+s1(xr− ∗ xs−))+ ∑
i, j≥1

i+ j=r1+s1

∆
i, j
r1,s1

∑
0≤d3<d

Hd3(i)�H<d3((xr− ∗ xs−)∗ x j)

= �H<d(xr1+s1(xr− ∗ xs−))+ ∑
i, j≥1

i+ j=r1+s1

∆
i, j
r1,s1

�H<d(xi((xr− ∗ xs−)∗ x j)).

This completes the proof. □
We now further assume that K is a Hausdorff topological ring. Moreover, each a ∈ A corresponds to

an element [a] ∈K satisfying the following properties:
(1) For all a ∈ A+, [a] ∈K×.
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(2) For all a,b ∈ A,
[a+b]= [a]+ [b].

(3) For all a ∈ A and ε ∈ Fr,
[εa]= ε[a].

(4) For any index s ∈ I, the limit
Z(s)= lim

d→∞
H<d(s)

converges in K.
Then we obtain the following corollary.

Corollary 3.11. The unique Fp-linear map

Ẑ : R →K

defined by
1= x∅ 7→ 1, xs 7→Z(s),

is an Fp-algebra homomorphism. That is,

Ẑ(xr∗ xs)= Ẑ(xr)Ẑ(xs)=Z(r)Z(s)

for any indices r,s ∈ I.

Then, we return to the case of finite multiple harmonic u-series and u-multiple zeta values. For any
d ∈N and u ∈C∞ such that Ca(u) 6= 0 for all a ∈ A+,<d, we define�H<d(•;u) : R →C∞
as the unique Fp-linear map such that �H<d(xs;u) := H<d(s;u). Additionally, for u ∈ C∞ such that ζu(s)
is defined for every index s ∈ I, we define the realization map of u-multiple zeta values by ζ̂u :=
limd→∞ �H<d(•;u). As immediate consequences of Theorem 3.10 and Corollary 3.11, we obtain the fol-
lowing results.

Corollary 3.12. For any d ∈N and u ∈C∞ such that Ca(u) 6= 0 for all a ∈ A+,<d, the map �H<d(•;u) is an
Fp-algebra homomorphism. That is,�H<d(xr∗ xs;u)= �H<d(xr;u)�H<d(xs;u)= H<d(r;u)H<d(s;u)

for any indices r,s ∈ I.

Corollary 3.13. For u ∈C∞ such that ζu(s) is defined for every index s ∈ I, the map ζ̂u is an Fp-algebra
homomorphism. That is,

ζ̂u(xr∗ xs;u)= ζ̂u(xr;u)ζ̂u(xs;u)= ζu(r;u)ζu(s;u)

for any indices r,s ∈ I.

3.3. Euler–Carlitz-type Formula for H<d at Carlitz Torsion Points. Recall that for each n ∈ A+,
λn = expC( π̃n ) is the generator of Λn, the A-module of Carlitz n-torsion points. In this subsection, we
establish an Euler–Carlitz-type formula for H<degn(s;λn), which we call the finite Euler–Carlitz formula.

We first define the degenerate Bernoulli–Carlitz numbers.

Definition 3.14. For non-zero a ∈ A, we define the degenerate Bernoulli-Carlitz number dBCn(a) ∈ K
by the identity

X
Ca

( X
a
) = ∞∑

n=0

dBCn(a)
Γn+1

X n.
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This can be viewed as the function field analog of the degenerate Bernoulli number βn(k−1) defined
by Carlitz [Car56]. Recall that the Bernoulli–Carlitz number BCn ∈ K is defined by the identity

X
expC(X )

=
∞∑

n=0

BCn

Γn+1
X n.

One checks that as dega →∞, dBCn(a)→BCn for each n ∈N since Ca( X
a )→ expC(X ).

Then the finite Euler–Carlitz formula is given as follows:

Theorem 3.15. Let s ∈N be a r-even integer, i.e., (r−1) | s. Let n ∈ A+. Then we have

H<degn(s;λn)
(nλn)s = dBCs(n)

Γs+1
.

In particular, H<d(s;λn) ∈ K ·λs
n.

Proof. Let d = degn. Note that

Cn(X )= ∏
a∈A<d

(X −Ca(λn)) and Cn(X )′ = ∑
a∈A<d

∏
b∈A<d

b 6=a

(X −Cb(λn)) .

Thus, the logarithmic derivative of Cn(X ) is

Cn(X )′

Cn(X )
= 1

X
+ ∑

06=a∈A<d

1
X −Ca(λn)

= 1
X

+ ∑
06=a∈A<d

1
X +Ca(λn)

= 1
X

+ ∑
06=a∈A<d

1
Ca(λn)

· 1

1+ X
Ca(λn)

= 1
X

+ ∑
06=a∈A<d

1
Ca(λn)

∞∑
s=0

(−1)s

Ca(λn)s X s

= 1
X

+
∞∑

s=0

∑
06=a∈A<d

(−1)s

Ca(λn)s+1 X s.

By change of variables, we obtain

XCn( X
n )′

Cn
( X
n

) = 1+
∞∑

s=1

∑
06=a∈A<d

(−1)s−1

(nCa(λn))s X s

= 1+
∞∑

s=1

( ∑
ε∈F×r

1
εs

)( ∑
a∈A+,<d

(−1)s−1

(nCa(λn))s

)
X s

= 1+
∞∑

s=1
(r−1)|s

∑
a∈A+,<d

(−1)s

(nCa(λn))s X s

= 1+
∞∑

s=1
(r−1)|s

(−1)s H<d(s;λn)
(nλn)s X s

= 1+
∞∑

s=1
(r−1)|s

H<d(s;λn)
(nλn)s X s.



20 H.-C. TSUI

For the last equality, we notice that (−1)s = 1 either when p = 2 or when p is odd with (r−1) | s. Finally,
observe that

XCn( X
n )′

Cn
( X
n

) = X
Cn

( X
n

) = ∞∑
s=0

dBCs(n)
Γs+1

X s,

so the result follows by comparing the coefficients. □

3.4. “Limits” of H<d at Carlitz Torsion Points. We then investigate both “analytic” and “algebraic”
limits of H<degn(s;λn) as degn→∞ in view of [BTT18]. First, we require the following two lemmas.

Lemma 3.16. For m ≥ 1 and elements X1, . . . , Xm, Y1, . . . ,Ym in a commutative ring, one has
m∏

i=1
X i −

m∏
i=1

Yi =
m∑

k=1

(∏
i<k

Yi

)
(Xk −Yk)

(∏
i>k

X i

)
.

Proof. We first recall the convention that an empty product equals one. We define for 1≤ k ≤ m+1

Qk :=
(∏

i<k
Yi

)(∏
i≥k

X i

)
.

Then
m∏

i=1
X i −

m∏
i=1

Yi =Q1 −Qm+1 =
m∑

k=1
(Qk −Qk+1).

On the other hand, notice that

Qk =
(∏

i<k
Yi

)
Xk

(∏
i>k

X i

)
and Qk+1 =

(∏
i<k

Yi

)
Yk

(∏
i>k

X i

)
.

Hence,

Qk −Qk+1 =
(∏

i<k
Yi

)(∏
i>k

X i

)
(Xk −Yk),

and summing over k = 1, . . . ,m yields the claimed identity. □
Lemma 3.17. Let n ∈ A. Then for all a ∈ A<degn,

|[a]λn −a|∞ < |a|∞ and |[a]λn |∞ = |a|∞.

Proof. Let d = degn. Recall that we have

|λn|∞ = r−d+1+ 1
r−1 and |[a, i]|∞ = rri(dega−i)

for a ∈ A<d and 0≤ i ≤ dega (see [Ros02, Propositions 12.11 and 12.13]). Thus,∣∣∣[a, i]λri−1
n

∣∣∣∞ = rri(dega−i)r(ri−1)(−d+1+ 1
r−1 ) = rri(dega−d−i+1+ 1

r−1 )+d−1− 1
r−1

attains its unique maximum at i = 0. Therefore, we obtain

|[a]λn −a|∞ =
∣∣∣∣∣dega∑

i=1
[a, i]λri−1

n

∣∣∣∣∣∞ ≤ max
1≤i≤dega

∣∣∣[a, i]λri−1
n

∣∣∣∞ < |a|∞.

In particular, ∣∣[a]λn
∣∣∞ = ∣∣([a]λn −a)+a

∣∣∞ = |a|∞.
□

Then we can prove that as n→∞, the “analytic limit” of H<degn(s;λn) is exactly the corresponding
Thakur’s multiple zeta value ζA(s). Precisely, we have the following theorem:
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Theorem 3.18. For any index s ∈ Iext, we have

H<degn(s;λn)→ ζA(s)

as degn→∞.

Proof. For the empty index, the result is clear. Let d = degn. We first assume s = (s1, . . . , sm) ∈ I is
positive and non-empty. Let ϵa = [a]λn −a =∑dega

i=1 [a, i]λri−1
n . By Lemma 3.17, we have∣∣[a]λn

∣∣∞ = |a|∞ and |ϵa|∞ < |a|∞.

Thus, for s ∈N, we have ∣∣∣[a]−s
λn

−a−s
∣∣∣∞ =

∣∣∣a−s
((

1+ ϵa

a

)−s −1
)∣∣∣
∞

.

Note that (
1+ ϵa

a

)−s = 1+
∞∑

k=1

(
−s
k

)(ϵa

a

)k
,

where the right-hand side converges since |ϵa|∞ < |a|∞. Therefore, we obtain∣∣∣[a]−s
λn

−a−s
∣∣∣∞ = |a|−s

∞

∣∣∣∣∣ ∞∑
k=1

(
−s
k

)(ϵa

a

)k
∣∣∣∣∣∞ ≤ |a|−s

∞
∣∣∣ϵa

a

∣∣∣
∞

≤ |a|−s−1
∞ max

1≤ j≤dega
|[a, j]|∞ |λn|r

j−1
∞ .

Here, note that
∣∣(−s

k
)∣∣
∞ ≤ 1 and |ϵa/a|∞ < 1. By Lemma 3.16 and the discussion above, for any fixed

a1, . . . ,am ∈ A+ with d > dega1 > ·· · > degam ≥ 0, we have∣∣∣∣∣ m∏
i=1

[ai]
−si
λn

−
m∏

i=1
a−si

i

∣∣∣∣∣∞ =
∣∣∣∣∣ m∑
k=1

(∏
i<k

a−si
i

)(∏
i>k

[ai]
−si
λn

)(
[ak]−sk

λn
−a−sk

k

)∣∣∣∣∣∞
≤ max

1≤k≤m

m∏
i=1
i 6=k

|ai|−si∞ |ak|−sk−1
∞ max

1≤ j≤degak
|[ak, j]|∞ |λn|r

j−1
∞

≤ max
1≤k≤m

r−2degak max
1≤ j≤degak

rr j(degak−d− j+1+ 1
r−1 )+d−1− 1

r−1

≤ max
1≤ j≤dega1

rr j(dega1−d− j+1+ 1
r−1 )+d−1− 1

r−1−2dega1 .

To justify the last two steps, we note that in the penultimate inequality, |ai|−si∞ ≤ 1 for all i and −sk−1≤
−2 as sk ∈N. For the last inequality, we observe that for any fixed j ≥ 1, the exponent is a monotonically
increasing function of degak, so the maximum is attained at k = 1.

Therefore, it follows that

|H<d(s;λn)−S<d(s)|∞ =

∣∣∣∣∣∣∣∣
∑

a1,...,am∈A+
d>dega1>···>degam≥0

(
1

[a1]s1
λn

· · · [am]sm
λn

− 1
as1

1 · · ·asm
m

)∣∣∣∣∣∣∣∣∞
≤ max

a1,...,am∈A+
d>dega1>···>degam≥0

∣∣∣∣∣ m∏
i=1

[ai]
−si
λn

−
m∏

i=1
a−si

i

∣∣∣∣∣∞
≤ max

a1,...,am∈A+
d>dega1>···>degam≥0

max
1≤ j≤dega1

rr j(dega1−d− j+1+ 1
r−1 )+d−1− 1

r−1−2dega1



22 H.-C. TSUI

≤ max
1≤ j≤d−1

rr j(− j+ 1
r−1 )−d+1− 1

r−1 = rr(−1+ 1
r−1 )−d+1− 1

r−1 → 0

as d →∞, which implies that
H<d(s;λn)→ lim

d→∞
S<d(s)= ζA(s).

It remains to prove the result for non-positive indices s = (s1, . . . , sm) ∈ Iext. Let i ∈ {1, . . . ,m} be the
smallest integer such that si ≤ 0. By [Tha04, Theorem 5.1.2], there exists an integer N ≥ 0 such that
Sd(si)= Hd(si;u)= 0 for all d ≥ N. Now, for d > N, we obtain

H<d(s;u)= ∑
d>d1>···>dm≥0

Hd1(s1;u) · · ·Hdm(sm;u)

=
N−1∑
di=0

Hdi (si, . . . , sm;u)
∑

d>d1>···>di−1>di

Hd1(s1;u) · · ·Hdi−1(si−1;u),

and similarly,

S<d(s)= ∑
d>d1>···>dm≥0

Sd1(s1) · · ·Sdm(sm)

=
N−1∑
di=0

Sdi (si, . . . , sm)
∑

d>d1>···>di−1>di

Sd1(s1) · · ·Sdi−1(si−1).

Since i is the smallest integer such that si ≤ 0, the preceding entries s1, . . . , si−1 are all positive. Thus,
by applying almost the same argument as above, we deduce that for each fixed 0≤ di ≤ N −1,∣∣∣∣∣ ∑

d>d1>···>di−1>di

Hd1(s1;λn) · · ·Hdi−1(si−1;λn)− ∑
d>d1>···>di−1>di

Sd1(s1) · · ·Sdi−1(si−1)

∣∣∣∣∣
∞
→ 0

as d = degn→∞. In addition, it follows immediately from definitions that

lim
d→∞

Hdi (si, . . . , sm;λn)= Sdi (si, . . . , sm).

Therefore, we obtain
|H<d(s;λn)−S<d(s)|∞ → 0

as d →∞, which implies that
H<d(s;λn)→ lim

d→∞
S<d(s)= ζA(s).

□
Next, we consider the “algebraic limit” of H<degn(s;λn). We begin by recalling the K-algebra

AK =
(∏

v
Fv

)/(⊕
v
Fv

)
,

where v ranges over all monic irreducible polynomials in A and Fv = A/(v). In addition, we recall the
definition of finite multiple zeta values over K , which, for any index s= (s1, . . . , sm) ∈ I, are given by

ζAK (s)=

 ∑
a1,...,am∈A+

degv>dega1>···>degam≥0

1
as1

1 · · ·asm
m

mod v


v

∈AK .

Then we have the following theorem:

Theorem 3.19. For any index s ∈ Iext, we have

ζAK (s)= (
H<degv(s;λv) mod λv

)
v ∈AK . (3.5)
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Proof. First, note that H<dv(s;λv) ∈ K(Λv), whose ring of integers is A[λv] (see [Ros02, Proposition 12.9]).
Furthermore, for all a ∈ A+,<dv , observe that gcd(a,v)= 1, and hence

[a]λv =
Ca(λv)

λv

is a unit in A[λv] (see [Ros02, Proposition 12.6]), which implies that H<dv(s;λv) ∈ A[λv]. Next, recall
that

vA[λv]= (λv)Φ(v)

is totally ramified where Φ(v)= #(A/(v))× = [K(Λv) : K] (see [Ros02, Proposition 12.7]). Thus, the inertia
degree of (λv) over v is f (λv/v) = 1, so Fv ∼= A[λv]/(λv). Therefore, the right-hand side of (3.5) makes
sense. Now the result follows immediately from the fact that

[a]λv =
Ca(λv)

λv
≡ a (mod λv)

for all a ∈ A+. □
Consequently, the “analytic limit” of H<degn(s;λn) becomes the corresponding Thakur’s multiple zeta

value, whereas its “algebraic limit” yields the corresponding finite multiple zeta value over K . Recalling
the finite Euler–Carlitz formula (Theorem 3.15), we obtain the following two corollaries:

Corollary 3.20 (Euler-Carlitz formula). Let s ∈N be a r-even integer, i.e., (r−1) | s. Then
ζA(s)
π̃s = BCs

Γs+1
.

Proof. By Theorem 3.18, we have
H<degn(s;λn)

(nλn)s = dBCs(n)
Γs+1

. (3.6)

Observe that

nλn = nexpC(π̃/n)= π̃+
∞∑

i=1

π̃ri

D i n ri−1
→ π̃,

and dBCs(n) → BCs as d = degn→∞. By Theorem 3.18, the identity (3.6) converges, as d →∞, to the
Euler–Carlitz formula. □
Corollary 3.21. Let s ∈N be a r-even integer, i.e., (r−1) | s. Then

ζAK (s)= (0)v ∈AK .

Proof. The result follows immediately from Theorems 3.15 and 3.19. □
Remark 3.22. We mention that Corollary 3.21 was previously established in [Shi18] via a different
approach, where the result was derived from an explicit computation of sign-free truncated multiple
zeta values.

Recall that in the classical theory, finite multiple harmonic q-series Z<n(s;ζn) evaluated at roots of
unity relate to symmetric multiple zeta values in the analytic limit and to finite multiple zeta values in
the algebraic limit. This connection is viewed as evidence for the Kaneko–Zagier conjecture.

Hence, it is natural to consider a function field analog of the Kaneko–Zagier conjecture. We first
recall the notions of fixed and binary relations introduced in [Tod18].

Definition 3.23. For • ∈ {AK , A}, a K-linear relation∑
i

ciζ•(si)= 0, ci ∈ K ,si ∈ I
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is called binary if there exist ai,bi ∈ K such that ai +bi = ci for each i and∑
i

(aiSd(si)+biSd+1(si))= 0

for all d ∈Z. In particular, it is called fixed if bi = 0 for all i.

It is obvious that ζAK (s) satisfy all fixed relations. Motivated by a similar spirit of [BTT18] and Shi’s
computation [Shi18], we consider the following question:

Question 3.24 (cf. [Shi18, Conjecture 4.6.5]). Does there exist a well-defined surjective K-algebra
homomorphism

φ :ZAK −→Z∞/ζA(r−1)Z∞
satisfying

φ
(
ζAK (s)

)≡ ζA(s) (mod ζA(r−1))
for any index s ∈ I? If so, is kerφ the ideal generated by all binary relations among ζAK (s) that are not
fixed?

Remark 3.25. In fact, one may further ask whether kerφ is generated by Thakur’s fundamental relation
[Tha09, Theorem 5]. That is, whether the equality

kerφ= 〈
ζAK (r)+ (θr −θ)ζAK (1, r−1)

〉
holds.

4. u-MULTIPLE ZETA VALUES

4.1. u-Multiple Zeta Values on Drinfeld Upper-Half Plane. We begin by recalling the Drinfeld
upper-half plane

Ω :=P1(C∞)\P1(K∞)=C∞ \ K∞,
which admits a natural rigid analytic structure (see [Dri74, Proposition 6.1] and [Gos80b]). For z ∈C∞,
we let

|z|i = inf{|z− x|∞ : x ∈ K∞}
be the imaginary part of z. Then

Ω= ⋃
n∈N

Ωn where Ωn := {z ∈C∞ | r−n ≤ |z|i ≤ |z|∞ ≤ rn}

is an admissible cover of Ω. Furthermore, a function f :Ω→C∞ is called rigid analytic if its restriction
to each Ωn is a uniform limit of rational functions without poles on Ωn (see [Gos80a] and [FP04]). We
denote by O (Ω) the algebra of rigid analytic functions on Ω.

For any index s ∈ I, we can view the u-multiple zeta values as functions on Ω by defining

ζu(s; z) := ζexpC(π̃z)(s), z ∈Ω.

Then ζu(s; z) is well-defined and is a rigid analytic function on Ω:

Lemma 4.1. For any index s ∈ Iext, ζu(s; z) is a rigid analytic function on Ω.

Proof. For the empty index, the result is clear. First, suppose that s = (s1, . . . , sm) ∈ I is a non-empty
positive index. Then

ζu(s; z)= ζexpC(π̃z)(s)= lim
d→∞

∑
a1,...,am∈A+

d>dega1>···>degam≥0

expC(π̃z)s1+···+sm

Ca1(expC(π̃z))s1 · · ·Cam(expC(π̃z))sm

= lim
d→∞

∑
a1,...,am∈A+

d>dega1>···>degam≥0

expC(π̃z)s1+···+sm

expC(π̃a1z)s1 · · ·expC(π̃amz)sm
.
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Now, let n ∈ N and z ∈Ωn. Note that for a ∈ A+ with dega > n+1, we have |az|∞ ≥ r > 1. By [Gek88,
Lemma 5.5],

logr |expC(π̃az)|∞ ≥ |az|i = |a|∞|z|i →∞
as dega →∞. Thus, ζu(s; z) is a uniform limit of rational functions without poles on Ωn, and hence it is
a rigid analytic function on Ω.

Next, let s= (s1, . . . , sm) ∈ Iext be a non-positive index, and let i ∈ {1, . . . ,m} be the smallest integer such
that si ≤ 0. By [Tha04, Theorem 5.1.2], there exists an integer N ≥ 0 such that Hd(si;expC(π̃z)) = 0 for
all d ≥ N. Thus, for d > N, we have

ζu(s; z)= lim
d→∞

H<d(s;expC(π̃z))

= lim
d→∞

∑
d>d1>···>dm≥0

Hd1(s1;expC(π̃z)) · · ·Hdm(sm;expC(π̃z))

= lim
d→∞

N−1∑
di=0

Hdi (si, . . . , sm;expC(π̃z))

× ∑
d>d1>···>di−1>di

Hd1(s1;expC(π̃z)) · · ·Hdi−1(si−1;expC(π̃z))

=
N−1∑
di=0

cdi (z) lim
d→∞

∑
a1,...,ai−1∈A+

d>dega1>···>degai−1>di

expC(π̃z)s1+···+si−1

expC(π̃a1z)s1 · · ·expC(π̃ai−1z)si−1

where cdi (z) = Hdi (si, . . . , sm;expC(π̃z)) is clearly rigid analytic. It follows by a similar estimate that
ζu(s; z) is a rigid analytic function on Ω. □

By Corollary 3.13, we have the following immediate corollary.

Corollary 4.2. The unique Fp-linear map

ζu(•; z) : R →O (Ω)

sending xs to ζu(s; z), s ∈ I, is an Fp-algebra homomorphism.

Next, recall that for a rigid analytic function f :Ω→C∞ that is A-periodic (i.e., f (z+a) = f (z) for all
a ∈ A), f (z) admits a unique t-expansion

f (z)= ∑
N∈Z

aN tN , aN ∈C∞

which converges for |z|i sufficiently large (see [Gos80a]). Here, we let the local parameter at infinity be

t = t(z) := 1
expC(π̃z)

.

One checks easily that ζu(s; z) is A-periodic. We now compute the t-expansion of ζu(s; z) at positive
index.

Theorem 4.3. For any non-empty index s = (s1, . . . , sm) ∈ I, the rigid analytic function ζu(s; z) admits a
t-expansion with coefficients in A:

ζu(s; z)=
∞∑

N=0
cN tN ∈ A[[t]]

where c0 = 1 if m = 1, and c0 = 0 if m ≥ 2.

Proof. Evaluating at u = expC(π̃z)= 1/t, we have

[a]1/t = tCa(1/t)= t
d∑

i=0
[a, i]t−ri = t1−rd

(
1+

d−1∑
i=0

[a, i]trd−ri

)
.
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Note that 1+∑d−1
i=0 [a, i]trd−ri

is invertible in A[[t]]. Therefore, for any s ∈N,

1
[a]s

1/t
∈ ts(rd−1)A[[t]].

Now, we substitute this into the definition of ζu(s; z):

ζu(s; z)= ∑
d1>···>dm≥0

∑
a1,...,am∈A+

dega j=d j

m∏
j=1

1

[a j]
s j
1/t

.

For any fixed sequence d1 > ·· · > dm ≥ 0, the inner sum lies in tM A[[t]], where M = ∑m
j=1 s j(rd j − 1).

When m = 1, the only term that gives M = 0 is d1 = 0, which contributes exactly 1 to the sum, and hence
c0 = 1. When m ≥ 2, we necessarily have d1 ≥ 1, which implies M ≥ s1(r−1) ≥ 1. Hence, there is no
constant term. Finally, since M →∞ as d1 →∞, each coefficient cN involves only finitely many terms
and therefore lies in A. □

4.2. u-Multiple Zeta Values as Formal Power Series. We now discuss the expansion of u-multiple
zeta values as formal power series in u. Recall that the u-multiple zeta values are defined by

ζu(s)= lim
d→∞

H<d(s;u)= lim
d→∞

∑
d>d1>···>dm≥0

Hd1(s1;u) · · ·Hdm(sm;u)

for any index s= (s1, . . . , sm) ∈ Iext. We will show that this defines a formal power series with respect to
the product topology on C∞[[u]].

First, for each integer i ∈N, we define the polynomial Pi(X ) ∈ K[X ] by

Pi(X ) :=
i∑

j=0

X r j−1

D jLr j

i− j

For any n ∈N and s ∈Z, we define the polynomial W (s)
n (X ) ∈ K[X ] explicitly by

W (s)
n (X ) :=

n∑
k=1

(
−s
k

) ∑
i1,...,ik≥1∑k
ℓ=1

riℓ−1
r−1 =n

k∏
ℓ=1

Piℓ(X ). (4.1)

We put W (s)
0 (X )= 1 by convention. Moreover, we write

W (s)
n (X )=

n(r−1)∑
i=0

c(s)
n,i X

i, c(s)
n,i ∈ K . (4.2)

Here, note that since degP j(X )= r j −1, the degree of each product in (4.1) is given by

deg

(
k∏

ℓ=1
Piℓ(X )

)
=

k∑
ℓ=1

(riℓ −1)= (r−1)
k∑

ℓ=1

riℓ −1
r−1

= n(r−1),

where the indices i1, . . . , ik satisfy the condition in (4.1). Consequently, we have

degW (s)
n (X )≤ n(r−1).

We first consider the lemmas below:

Lemma 4.4. Let n ∈N and s ∈Z. Then HW
d,n(s)→ 0 as d →∞ where

HW
d,n(s) := ∑

a∈A+,d

W (s)
n (a)
as .
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Proof. By (4.2), we have
W (s)

n (X )
X s =

n(r−1)∑
i=0

c(s)
n,i X

i−s,

and hence

HW
d,n(s)=

n(r−1)∑
i=0

c(s)
n,i

( ∑
a∈A+,d

ai−s

)
=

n(r−1)∑
i=0

c(s)
n,iSd(i− s).

The result follows immediately from the fact that for any s ∈Z, Sd(s)→ 0 as d →∞. □
Lemma 4.5. Let a ∈ A. Then we have

Ca(u)=
dega∑
i=0

[a, i]uri =
∞∑

i=0

 i∑
j=0

ar j

D jLr j

i− j

uri

where L i =∏i
j=1(θ−θr j

).

Proof. The proof is identical to that in [Tha04, §2.5], and is included here for completeness. We first
recall the formal Carlitz exponential and logarithm (see [Gos96])

expC(u)=
∞∑

i=0

uri

D i
, logC(u)=

∞∑
j=0

ur j

L j
.

Then we have the following identity in C∞[[u]]:

Ca(u)= expC(a logC(u))=
∞∑

i=0

1
D i

(
a

∞∑
j=0

ur j

L j

)ri

=
∞∑

k=0

(
k∑

i=0

ari

D iLri

k−i

)
urk

.

□
With these lemmas in hand, we obtain the following expansion of u-multiple zeta values in C∞[[u]]:

Proposition 4.6. Let s= (s1, . . . , sm) ∈ Iext. Then

ζu(s)=
∞∑

N=0
γN(s)uN(r−1) ∈C∞[[u]]

where the explicit coefficient γN(s) is given by

γN(s)= ∑
n1,...,nm≥0

n1+···+nm=N

∑
d1>···>dm≥0

m∏
j=1

HW
d j ,n j

(s j). (4.3)

Proof. Let a ∈ A+ and s ∈Z. By Lemma 4.5, we have

[a]u = 1
u

(
au+

∞∑
i=1

[a, i]uri

)
= a

(
1+

∞∑
i=1

Pi(a)uri−1

)
.

We first expand the formal series for [a]−s
u using the generalized binomial theorem:

[a]−s
u = 1

as

∞∑
k=0

(
−s
k

)( ∞∑
i=1

Pi(a)uri−1

)k

= 1
as

∞∑
k=0

(
−s
k

)( ∞∑
i=1

Pi(a)(ur−1)
ri−1
r−1

)k

.

It follows immediately from the definition in (4.1) that

[a]−s
u =

∞∑
n=0

W (s)
n (a)
as un(r−1) ∈ K[[u]]. (4.4)
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Now, for any fixed degree d ≥ 0, we have

Hd(s;u)= ∑
a∈A+,d

( ∞∑
n=0

W (s)
n (a)
as un(r−1)

)
=

∞∑
n=0

HW
d,n(s)un(r−1).

For any d1 > ·· · > dm ≥ 0, we have
m∏

j=1
Hd j (s j;u)=

m∏
j=1

( ∞∑
n j=0

HW
d j ,n j

(s j)un j(r−1)

)

=
∞∑

N=0

 ∑
n1,...,nm≥0

n1+···+nm=N

m∏
j=1

HW
d j ,n j

(s j)

uN(r−1).

It follows that

ζu(s)= lim
d→∞

H<d(s1, . . . , sm;u)

= lim
d→∞

∑
d>d1>···>dm≥0

 ∞∑
N=0

 ∑
n1,...,nm≥0

n1+···+nm=N

m∏
j=1

HW
d j ,n j

(s j)

uN(r−1)



= lim
d→∞

∞∑
N=0

 ∑
n1,...,nm≥0

n1+···+nm=N

∑
d>d1>···>dm≥0

m∏
j=1

HW
d j ,n j

(s j)

uN(r−1)

By Lemma 4.4, we see that the series converges with respect to the product topology and this exactly
yields ζu(s)=∑∞

N=0γN(s)uN(r−1), completing the proof. □
We mention that the constant in the formal expansion of ζu(s) is precisely ζA(s).
As observed in the proof of Lemma 4.4, the coefficients γN(s) can be, in fact, expressed as finite

K-linear combinations of Thakur’s multiple zeta values.

Proposition 4.7. For any N ≥ 0 and non-empty s= (s1, . . . , sm) ∈ Iext, the coefficient γN(s) can be written
as a K-linear combination of Thakur’s multiple zeta values

γN(s)= ∑
n1,...,nm≥0

n1+···+nm=N

n1(r−1)∑
i1=0

· · ·
nm(r−1)∑

im=0

(
m∏

j=1
c(s j)

n j ,i j

)
ζA(s1 − i1, . . . , sm − im).

Proof. By (4.2), we have

HW
d,n(s)= ∑

a∈A+,d

W (s)
n (a)
as =

n(r−1)∑
i=0

c(s)
n,i

( ∑
a∈A+,d

1
as−i

)
=

n(r−1)∑
i=0

c(s)
n,iSd(s− i).

Substituting this expansion into the formula for γN(s), we obtain

γN(s)= ∑
n1,...,nm≥0

n1+···+nm=N

∑
d1>···>dm≥0

m∏
j=1

(n j(r−1)∑
i j=0

c(s j)
n j ,i j

Sd j (s j − i j)

)

= ∑
n1,...,nm≥0

n1+···+nm=N

n1(r−1)∑
i1=0

· · ·
nm(r−1)∑

im=0

(
m∏

j=1
c(s j)

n j ,i j

) ∑
d1>···>dm≥0

m∏
j=1

Sd j (s j − i j)



ON u-MULTIPLE ZETA VALUES IN POSITIVE CHARACTERISTIC 29

= ∑
n1,...,nm≥0

n1+···+nm=N

n1(r−1)∑
i1=0

· · ·
nm(r−1)∑

im=0

(
m∏

j=1
c(s j)

n j ,i j

)
ζA(s1 − i1, . . . , sm − im).

□
We compute the coefficient γN(s) for N = 1 and dep(s)≤ 2 in the following two examples.

Example 4.8. Let s ∈Z. We have

ζu(s)=
∞∑

N=0
γN(s)uN(r−1),

where

γN(s)=
N(r−1)∑

i=0
c(s)

N,iζA(s− i).

We compute the first two terms explicitly:
(1) For N = 0, we have W (s)

0 (X ) = 1, which means c(s)
0,0 = 1. Thus, the constant term is exactly

Thakur’s zeta value:
γ0(s)= ζA(s).

(2) For N = 1, the condition ri1−1
r−1 = 1 forces k = 1 and i1 = 1, so we obtain

W (s)
1 (X )=

(
−s
1

)
P1(X )=−s

1∑
j=0

X r j−1

D jLr j

1− j

=−s
(

1
L1

+ X r−1

D1

)
.

This gives the coefficients c(s)
1,0 = −s

L1
and c(s)

1,r−1 = −s
D1

. Consequently, the coefficient of ur−1 is given
by

γ1(s)=−s
(

1
L1

ζA(s)+ 1
D1

ζA(s− r+1)
)
.

Example 4.9. Let s= (s1, s2) ∈ Iext. We have

ζu(s1, s2)=
∞∑

N=0
γN(s1, s2)uN(r−1).

By Proposition 4.7, the coefficient γN(s1, s2) is given by

γN(s1, s2)= ∑
n1+n2=N

n1(r−1)∑
i1=0

n2(r−1)∑
i2=0

c(s1)
n1,i1

c(s2)
n2,i2

ζA(s1 − i1, s2 − i2).

We compute the first two terms:
(1) For N = 0, since c(s)

0,0 = 1 for any s, we obtain

γ0(s1, s2)= ζA(s1, s2).

(2) For N = 1, there are two partitions for n1 +n2 = 1, namely (1,0) and (0,1).
(a) When (n1,n2) = (1,0), we have i2 = 0 and c(s2)

0,0 = 1. The index i1 can be 0 or r−1. Using the

coefficients c(s1)
1,0 and c(s1)

1,r−1 computed in Example 4.8, this part contributes:

− s1

L1
ζA(s1, s2)− s1

D1
ζA(s1 − r+1, s2).

(b) Similarly, when (n1,n2) = (0,1), we have i1 = 0 and c(s1)
0,0 = 1. The index i2 can be 0 or r−1,

which contributes:

− s2

L1
ζA(s1, s2)− s2

D1
ζA(s1, s2 − r+1).
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Summing these two contributions, the coefficient of ur−1 is given by

γ1(s1, s2)=− s1 + s2

L1
ζA(s1, s2)− s1

D1
ζA(s1 − r+1, s2)− s2

D1
ζA(s1, s2 − r+1).

Next, we consider the r-shuffle relations. Recall in the proof of Proposition 4.6, we have

H<d(s;u)=
∞∑

N=0

 ∑
n1,...,nm≥0

n1+···+nm=N

∑
d>d1>···>dm≥0

m∏
j=1

HW
d j ,n j

(s j)

uN(r−1)

for any positive index s ∈ I. Furthermore, by Lemma 4.4, this sequence converges to ζu(s) coefficient-
wise as d →∞. Therefore, we can apply the theory in §3.2 and obtain the following corollaries:

Corollary 4.10. For any d ∈N, the map�H<d(•;u) : R →C∞[[u]]

is an Fp-algebra homomorphism. That is,�H<d(xr∗ xs;u)= �H<d(xr;u)�H<d(xs;u)= H<d(r;u)H<d(s;u)

for any positive indices r,s ∈ I.

Corollary 4.11. The map
ζ̂u : R →C∞[[u]]

is an Fp-algebra homomorphism. That is,

ζ̂u(xr∗ xs;u)= ζ̂u(xr;u)ζ̂u(xs;u)= ζu(r;u)ζu(s;u)

for any positive indices r,s ∈ I.

By exploiting the r-shuffle relations of the formal power series ζu(s), we can extract explicit relations
among the coefficients γN(s). To formulate this conveniently, we let γ̂N : R → C∞ be the Fp-linear map
defined by γ̂N(xs)= γN(s) for any positive index s ∈ I.

Theorem 4.12. For any positive indices r,s ∈ I and any integer N ≥ 0, we have

γ̂N(xr∗ xs)=
N∑

k=0
γ̂k(xr) �γN−k(xs).

Proof. By Corollary 4.11, we have ζ̂u(xr∗ xs) = ζu(r)ζu(s). We expand both sides as formal power series
in u. For the left-hand side, we have

ζ̂u(xr∗ xs;u)=
∞∑

N=0
γ̂N(xr∗ xs)uN(r−1).

For the right-hand side, we have

ζu(r;u)ζu(s;u)=
( ∞∑

k=0
γk(r)uk(r−1)

)( ∞∑
ℓ=0

γℓ(s)uℓ(r−1)

)

=
∞∑

N=0

(
N∑

k=0
γk(r)γN−k(s)

)
uN(r−1).

Comparing the coefficients of uN(r−1) on both sides yields the desired equality. □
Theorem 4.12, together with Proposition 4.7, provides a specific method to produce relations for

Thakur’s multiple zeta values, including values at non-positive indices. We first illustrate this method
in the cases N = 1 and N = 2, where the resulting identities take particularly simple forms.
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Example 4.13. To see how multiple zeta values at non-positive indices arise from Theorem 4.12, we
consider the r-shuffle product of two depth-one words xr1 and xs1 for some r1, s1 ∈N. By Theorem 4.12,
we extract the relation for N = 1, which gives the equation

γ̂1(xr1 ∗ xs1)= γ1(r1)γ0(s1)+γ0(r1)γ1(s1). (4.5)

We now express both sides of (4.5) completely in terms of multiple zeta values using Examples 4.8 and
4.9.

First, recall from Example 4.8 that γ0(s)= ζA(s) and

γ1(s)=−s
(

1
L1

ζA(s)+ 1
D1

ζA(s− r+1)
)
.

Substituting these into the right-hand side of (4.5) yields[
−r1

(
1

L1
ζA(r1)+ 1

D1
ζA(r1 − r+1)

)]
ζA(s1)+ζA(r1)

[
−s1

(
1

L1
ζA(s1)+ 1

D1
ζA(s1 − r+1)

)]
=− r1 + s1

L1
ζA(r1)ζA(s1)− 1

D1

(
r1ζA(r1 − r+1)ζA(s1)+ s1ζA(r1)ζA(s1 − r+1)

)
. (4.6)

Next, note that

γ̂1(xr1 ∗ xs1)= γ1(r1, s1)+γ1(s1, r1)+γ1(r1 + s1)+ ∑
i, j≥1

i+ j=r1+s1

∆
i, j
r1,s1γ1(i, j). (4.7)

We apply the explicit formulas from Example 4.8 and 4.9 to each term. Then (4.7) becomes

− r1 + s1

L1
ζA(r1)ζA(s1)

− 1
D1

(
r1ζA(r1 − r+1, s1)+ s1ζA(r1, s1 − r+1)

)
− 1

D1

(
s1ζA(s1 − r+1, r1)+ r1ζA(s1, r1 − r+1)

)
− r1 + s1

D1
ζA(r1 + s1 − r+1)

− 1
D1

∑
i, j≥1

i+ j=r1+s1

∆
i, j
r1,s1

(
iζA(i− r+1, j)+ jζA(i, j− r+1)

)
. (4.8)

Finally, equating (4.6) and (4.8), we obtain the identity:

r1ζA(r1 − r+1)ζA(s1)+ s1ζA(r1)ζA(s1 − r+1)
= r1ζA(r1 − r+1, s1)+ s1ζA(r1, s1 − r+1)+ s1ζA(s1 − r+1, r1)+ r1ζA(s1, r1 − r+1)

+ (r1 + s1)ζA(r1 + s1 − r+1)+ ∑
i, j≥1

i+ j=r1+s1

∆
i, j
r1,s1

(
iζA(i− r+1, j)+ jζA(i, j− r+1)

)
. (4.9)

If r1 ≤ r−1 or s1 ≤ r−1, then (4.9) involves Thakur’s multiple zeta values at non-positive arguments.

Example 4.14. Let r1, s1 ∈N. By extracting the coefficient of N = 2 from the shuffle relation xr1 ∗ xs1 in
Theorem 4.12, one can obtain the identity (cf. (4.9)):

r1s1ζA(r1 − r+1)ζA(s1 − r+1)+
(
−r1

2

)
ζA(r1 −2r+2)ζA(s1)+

(
−s1

2

)
ζA(r1)ζA(s1 −2r+2)

= r1s1

(
ζA(r1 − r+1, s1 − r+1)+ζA(s1 − r+1, r1 − r+1)

)
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+
(
−r1

2

)(
ζA(r1 −2r+2, s1)+ζA(s1, r1 −2r+2)

)
+

(
−s1

2

)(
ζA(r1, s1 −2r+2)+ζA(s1 −2r+2, r1)

)
+

(
−(r1 + s1)

2

)
ζA(r1 + s1 −2r+2)

+ ∑
i, j≥1

i+ j=r1+s1

∆
i, j
r1,s1

(
i jζA(i− r+1, j− r+1)+

(
−i
2

)
ζA(i−2r+2, j)+

(
− j
2

)
ζA(i, j−2r+2)

)
. (4.10)

Remark 4.15. For N = 1,2, the above identities may simplify after expressing the terms at non-positive
indices in terms of multiple zeta values at positive indices (see Lemma 4.18). Moreover, the usual weight
need not be preserved under this reduction. In some cases, the resulting identities become tautological
or follow from the usual r-shuffle relations. For larger N, more complicated identities may occur (see
Remark 4.21).

4.3. Derivations on r-shuffle Relations. Inspired by (4.9) and (4.10), we explicitly define a new fam-
ily of operators DN . We will prove that they form a Hasse-Schmidt derivation over ζ̂A by constructing a
new bracket compatible with our abstract framework (see Corollary 3.11).

Let us first recall the general notion of a Hasse-Schmidt derivation (see [Wei65]):

Definition 4.16. Let K be a field, and let A,B be K-algebras. Given a K-algebra homomorphism f :
A → B, a sequence of K-linear maps (DN)N≥0 from A to B is called a Hasse-Schmidt derivation over f if

(1) D0 = f , and
(2) DN(xy)=∑N

k=0 Dk(x)DN−k(y) for all x, y ∈ A and N ≥ 0.

Recall that Z∞ is the K-algebra generated by all ζA(s) for s ∈ I. Then the operators DN are defined as
follows:

Definition 4.17. For N ≥ 0, we define DN : R →Z∞ to be the unique Fp-linear map such that DN(x∅)=
δN,0, and

DN(xs) := ∑
n1,...,nm≥0

n1+···+nm=N

(
m∏

j=1

(
−s j

n j

))
ζA(s1 −n1(r−1), . . . , sm −nm(r−1))

for non-empty positive index s= (s1, . . . , sm) ∈ I.

We remark that every Thakur multiple zeta value at a non-positive index is a K-linear combination
of Thakur multiple zeta values at positive indices, so DN are well-defined. This is explained by the
following lemma:

Lemma 4.18. Let s ∈ Iext be any non-positive index. Then for all d À 0,

S<d(s)=
R∑

i=1
ciS<d(ti)

for some ci ∈ K and positive indices ti ∈ I independent of d. In particular, every Thakur multiple zeta
value at a non-positive index can be expressed as a K-linear combination of Thakur multiple zeta values
at positive indices.



ON u-MULTIPLE ZETA VALUES IN POSITIVE CHARACTERISTIC 33

Proof. Let s = (s1, sk,s2) ∈ Iext be a non-positive index with s1 = (s1, . . . , sk−1) ∈ I, sk ∈ Z≤0 and s2 =
(sk+1, . . . , sm) ∈ Iext. Then there exists M ≥ 0 such that Sdk (sk) = 0 for all dk > M by [Tha04, Theorem
5.1.2]. Thus, for all d large enough, we have

S<d(s)=
M∑

dk=0
Sdk (sk)

( ∑
d>d1>···>dk−1>dk

Sd1(s1) · · ·Sdk−1(sk−1)

)( ∑
dk>dk+1>···>dm≥0

Sdk+1(sk+1) · · ·Sdm(sm)

)

=
M∑

dk=0
Sdk (sk)S<dk (s2)

( ∑
d>d1>···>dk−1>dk

Sd1(s1) · · ·Sdk−1(sk−1)

)
.

Now, for all positive index r= (r1, . . . , rn) ∈ I and d′ ∈Z, we define

F<d(r,d′)= ∑
d>d1>···dn>d′

Sd1(r1) · · ·Sdn(rn) and S≤d′(r)= ∑
d′≥d1>···>dn≥0

Sd1(r1) · · ·Sdn(rn).

It suffices to check that for all d′ ∈Z≥0 and d ∈N, we have

F<d(r,d′)=
R∑

i=1
ciS<d(ti)

for some ci ∈ K and ti ∈ I. We proceed by induction on the depth of r. When dep(r) = 1 and r= (r1), note
that

F<d(r,d′)= ∑
d>d1≥0

Sd1(r1)− ∑
d′≥d1≥0

Sd1(r1)= S<d(r)−S≤d′(r)S<d(∅).

Assume the result holds for all r ∈ I with dep(r)≤ N −1. For an index r= (r1, . . . , rN) ∈ I with dep(r)= N,
we partition the summation domain d > d1 > ·· · > dN ≥ 0 based on the position of the threshold d′. There
exists a unique i ∈ {0,1, . . . , N} such that di > d′ ≥ di+1 (setting d0 = d and dN+1 = −1 by convention).
This yields that

S<d(r)=
N∑

i=0
S≤d′(r>i)F<d(r≤i,d′),

where r≤i = (r1, . . . , r i) and r>i = (r i+1, . . . , rN) (with the convention that F<d(∅,d′) = S≤d′(∅) = 1). Thus,
we obtain

F<d(r,d′)= S<d(r)−
N−1∑
i=0

S≤d′(r>i)F<d(r≤i,d′).

Therefore, the result follows from the induction hypothesis. □

We now consider the formal variable X and the new bracket defined by

[a]X := a+ar X = a(1+ar−1X ) ∈C∞[[X ]].

Then one checks the following:

(1) For all a ∈ A+, [a]X ∈C∞[[X ]]×.
(2) For all a,b ∈ A,

[a+b]X = (a+b)+ (a+b)r X = (a+ar X )+ (b+br X )= [a]X + [b]X .

(3) For all a ∈ A and ε ∈ Fr,

[εa]X = εa+ (εa)r X = εa+εar X = ε[a]X .

Furthermore, let HX
d (s) and HX

<d(s) be defined as (3.1) and (3.2) with respect to this bracket.
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Lemma 4.19. For d ∈N and non-empty positive index s= (s1, . . . , sm) ∈ I, we have

HX
<d(s)=

∞∑
N=0

∑
n1,...,nm≥0

n1+···+nm=N

(
m∏

j=1

(
−s j

n j

))
S<d(s1 −n1(r−1), . . . , sm −nm(r−1))X N .

Therefore, as d →∞, it converges to

ζX (s) := lim
d→∞

HX
<d(s)=

∞∑
N=0

DN(xs)X N .

Proof. Let s= (s1, . . . , sm) ∈ I. For each a j ∈ A+, we expand [a j]
−s j
X in C∞[[X ]]:

[a j]
−s j
X = a−s j

j (1+ar−1
j X )−s j =

∞∑
n j=0

(
−s j

n j

)
a−s j+n j(r−1)

j X n j .

Thus, we obtain

1
[a1]s1

X · · · [am]sm
X

=
m∏

j=1

( ∞∑
n j=0

(
−s j

n j

)
a−s j+n j(r−1)

j X n j

)

=
∞∑

N=0
X N ∑

n1,...,nm≥0
n1+···+nm=N

(
m∏

j=1

(
−s j

n j

))
1

as1−n1(r−1)
1 · · ·asm−nm(r−1)

m
.

Substituting this expansion into the definition of the finite multiple harmonic series HX
<d(s) evaluated

with the X -bracket, we get

HX
<d(s)= ∑

a1,...,am∈A+
d>dega1>···>degam≥0

1
[a1]s1

X · · · [am]sm
X

=
∞∑

N=0
X N ∑

n1,...,nm≥0
n1+···+nm=N

(
m∏

j=1

(
−s j

n j

)) ∑
a1,...,am∈A+

d>dega1>···>degam≥0

1

as1−n1(r−1)
1 · · ·asm−nm(r−1)

m

=
∞∑

N=0

∑
n1,...,nm≥0

n1+···+nm=N

(
m∏

j=1

(
−s j

n j

))
S<d(s1 −n1(r−1), . . . , sm −nm(r−1))X N .

Thus, HX
<d(s) converges coefficient-wise to

ζX (s)=
∞∑

N=0
DN(xs)X N

in C∞[[X ]] as d →∞. □
Therefore, we can apply Corollary 3.11 to the formal series

ζX (s) := lim
d→∞

HX
<d(s)

and obtain the following theorem:

Theorem 4.20. The sequence of operators (DN)N≥0 forms a Hasse-Schmidt derivation over the realiza-
tion map ζ̂A : R → Z∞. That is, for any indices r,s ∈ I and any integer N ≥ 0, we have D0(xs) = ζA(s)
and

DN(xr∗ xs)=
N∑

k=0
Dk(xr)DN−k(xs).
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Proof. It is clear from the definitions that D0 = ζ̂A. It suffices to check that (DN)N≥0 satisfies the convo-
lution property. By Lemma 4.19 and Corollary 3.11, the map ζ̂X : R →C∞[[X ]] sending xs 7→ ζX (s) is an
Fp-algebra homomorphism. Therefore, we have

ζ̂X (xr∗ xs)= ζX (r)ζX (s).

Comparing the expansions of both sides, we obtain
∞∑

N=0
DN(xr∗ xs)X N =

( ∞∑
k=0

Dk(xr)X k

)( ∞∑
ℓ=0

Dℓ(xs)Xℓ

)
=

∞∑
N=0

(
N∑

k=0
Dk(xr)DN−k(xs)

)
X N ,

which completes the proof. □
Remark 4.21. Equations (4.9) and (4.10) are special cases of Theorem 4.20 for dep(r) = dep(s) = 1 and
N = 1,2. This theorem shows that, by applying the derivations DN to the r-shuffle relations for positive
indices, one can obtain relations involving Thakur’s multiple zeta values at both positive and non-
positive indices. After reducing the terms at non-positive indices, these relations can be reduced to
relations among Thakur’s power sums. For example, let r = 3. Applying D9 to x1 ∗ x1 gives

ζA(1)ζA(−17)+ζA(−1)ζA(−15)+ζA(−3)ζA(−13)+ζA(−5)ζA(−11)+ζA(−7)ζA(−9)
= ζA(1,−17)+ζA(−1,−15)+ζA(−3,−13)+ζA(−5,−11)+ζA(−7,−9)

+ζA(−9,−7)+ζA(−11,−5)+ζA(−13,−3)+ζA(−15,−1)+ζA(−17,1)+2ζA(−16).

We now describe explicitly how this identity reduces in terms of Thakur’s power sums. By the reduction
used in the proof of Lemma 4.18, the relevant depth-one terms are

ζA(−m)=
{

1, m = 1,3,9,
1+S1(−m), m = 5,7,11,13,15,

together with
ζA(−17)= 1+S1(−17)+S2(−17)

and
ζA(−16)= 1+S1(−16)+S2(−16).

For the depth-two terms, we have

ζA(−1,−15)= ζA(−3,−13)= ζA(−9,−7)= 0,

ζA(−5,−11)= S1(−5), ζA(−7,−9)= S1(−7),
and

ζA(−11,−5)= S1(−11), ζA(−13,−3)= S1(−13), ζA(−15,−1)= S1(−15).
Moreover,

ζA(−17,1)= S1(−17)+S2(−17)(1+S1(1)) ,
and

ζA(1,−17)= ζA(1)−1+S1(−17)(ζA(1)−1−S1(1))+S2(−17)(ζA(1)−1−S1(1)−S2(1)) .
Substituting all these expressions into the above identity and simplifying, we obtain

S1(1)S1(−17)+S2(1)S2(−17)+S1(−11)S1(−5)+S1(−16)+S2(−16)= 0.

Thus, in this case, the relation obtained by applying D9 reduces to the above relation among Thakur’s
power sums.

In general, reducing such derivation relations to relations among multiple zeta values at positive
indices can be rather involved, and the resulting relations among Thakur’s power sums can also be
quite complicated.

We end this paper with the following remark.



36 H.-C. TSUI

Remark 4.22. While the present work focuses on the Carlitz module to construct the u-bracket, finite
multiple harmonic u-series, and u-multiple zeta values, a natural and intriguing generalization is to
consider Drinfeld A-modules. We remark, however, that handling the convergence issues in this broader
setting is expected to be considerably more difficult.
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