ON u-MULTIPLE ZETA VALUES IN POSITIVE CHARACTERISTIC

HUNG-CHUN TSUI

ABSTRACT. In this paper, we introduce the concepts of the u-bracket, finite multiple harmonic u-series,
and u-multiple zeta values via the Carlitz module. These objects serve as function field counterparts to
the classical theory of g-analogs. We prove that the “limits” of finite multiple harmonic u-series at Carlitz
torsion points yield Thakur’s multiple zeta values and finite multiple zeta values over [F,(0) from analytic
and algebraic perspectives, respectively. This can be regarded as a positive characteristic analog of the
results by Bachmann, Takeyama, and Tasaka [BTT18]. Furthermore, we investigate the properties of u-
multiple zeta values and their expansions, obtaining a family of explicit relations among Thakur’s multiple
zeta values at both positive and non-positive indices.
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1. INTRODUCTION

1.1. Classical g-Analog Theory. Let N denote the set of positive integers and Z denote the set of
integers. We begin by introducing the classical g-analog theory. In various mathematical frameworks,
g-analogs serve as deformations of classical formulas or theorems, such that the original theory is
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retrieved in the limit as ¢ — 1. The concept of g-analogs has important applications in various mathe-
matical fields, especially in number theory, partition theory, and special functions (see [GR04, And76]
for more details).

As basic examples, we define the g-analogs of integers and factorials. For any non-negative integer
n, the q-bracket is defined as

1-q"
1-q’
which satisfies lim,_.1[n], = n. Based on this, the g-factorial is defined as
[nly! =[114[2]4---[n]g

for n = 1, with [0],! = 1. The g-factorial has many properties similar to the classical factorial. For
example, the g-factorial admits a factorization into cyclotomic polynomials ®;(q) given by

[nly! = ] @ulq)™.
keN
k#1

As g — 1, this identity recovers Legendre’s formula
n! = l_[ pZezl Ln/peJ’

p prime

[nlg =

since [n],! — n! and the value ®;(1) is p if £ = p® and 1 otherwise.

1.2. Classical Theory of Multiple Zeta Values. We now turn our attention to the theory of multiple
zeta values. We denote by
o0
I=[JN"u{2}
m=1
the set of indices and by
1% = {(s1,...,5m) €L:51 = 2} U{2}
the set of admissible indices. For a non-empty index s = (s1,...,8,) € I, we define its depth and weight
by
dep(s)=m and wt(s)=s1+---+Sm,

respectively. For the empty index &, we put dep(<2) = 0 = wt(). Furthermore, throughout this paper,
an empty sum is defined to be zero and an empty product to be one.

We first introduce the theory of finite multiple harmonic q-series, following the framework in [BTT18].
The classical multiple zeta value is defined by

{(s) = Z ﬁe[@, @#5:(31,...,sm)€Iad.
ni>->n,=1M1 """,
We put {(&) = 1 and denote the Q-algebra generated by all multiple zeta values by 3 = ({(s):s € Iad)@.
Besides this, we also consider two other variants called the finite multiple zeta values and symmetric
multiple zeta values in the following.
Consider the ring

p p
where the product and direct sum are taken over all primes p. This ring was introduced by Kontsevich

[Kon09], and it admits a natural embedding Q — &« via the diagonal map. The finite multiple zeta
value, first introduced by Kaneko and Zagier [KZ], is defined by

1
(oy(5) = Z 1 sn mod p

p>ni>>nyz1My ",

ed, T#s=(81,...,sm)€EL
p
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We put {(2) = (1), and denote the Q-algebra generated by all finite multiple zeta values by 3., =

(((8):5€D)g.
On the other hand, following the framework of Thara, Kaneko and Zagier [IKZ06, Proposition 1], we
have the notion of stuffle-regularized multiple zeta values

Z*(5;T)eRIT], sel
satisfying
Z*:T)={(s) forse® and Z*(;T)=T

where T denotes a formal variable. Then the symmetric multiple zeta value, also introduced by Kaneko
and Zagier [KZ, (87), (88)], is defined by

(s(8)= ) (=1 Z% (s, ., s13TNZ¥(Sju1,- -, Sm3; T)  (mod {(2))
j=0

where @ # s =(s1,...,8,) € 1. We put {s() =1 (mod ((2)). Here, we mention that by [KZ, Theorem 3]

(see also [Kan19]), the symmetric multiple zeta value does not depend on 7' and lies in 3.
We recall the famous Kaneko—Zagier conjecture.

Conjecture 1.1 (Kaneko—Zagier Conjecture). There is a (J-algebra isomorphism
@Kz 3 — 3(2)3
such that ¢gz({4(s)) =(s(s) for all se L.

In [BTT18], Bachmann, Takeyama, and Tasaka provide evidence for the Kaneko—Zagier conjecture
by considering the finite multiple harmonic g-series

(s1—-Dni+-+(spm—Dnpy

q
Zn(s39) = >
n>n1>>n,>0 [n’l]ts]l o [nm]Zm

>

where @ # s = (s1,...,sm) € I. Here, ¢ € C is assumed to satisfy ¢* # 1 for all 0 < £ < n. We also set
Zn(5;q) = 0 if dep(s) = n and Z.,(;q) = 1. This model of g-series is often called the Bradley—Zhao
model (see [Bra05, Zha07]). The authors in [BTT18] showed that the “limits” of Z,(s;q) evaluated
at the n-th root of unity {, := exp(27v—1/n) relate to both finite and symmetric multiple zeta values.
Precisely, they proved the following:

Theorem 1.2 ([BTT18, Theorem 1.1]). For any index s € I, we have
(a() = (Z<p(s;¢p) mod(1-(p)), €.
Theorem 1.3 ([BTT18, Theorem 1.2]). For any index s € I, we have
(s(®)=R(lim Zon(5¢,))  (mod ((2)3)
where R(-) denotes the real part of a complex number.

Since { 4(s) and {g(s) arise from "limits" of the same object, it is expected that they satisfy the same
algebraic relations, providing evidence for the Kaneko—Zagier conjecture. Furthermore, Bachmann,
Takeyama and Tasaka used the star versions of Theorems 1.2 and 1.3 to re-establish duality formulas
for both finite multiple zeta star values and symmetric multiple zeta star values (see [BTT18, Theorem
1.3]). We also mention that similar phenomena for variants of finite and symmetric multiple zeta values
have been investigated in [BTT21] and [Tas21].

On the other hand, for any index s € 124, the limit of Z<n(s;q) as n — oo, denoted by (4(s), is called
the g-multiple zeta value. Note that this limit is well-defined for |g| < 1, and as ¢ — 17, we have
(4(8) — ((5) for any index s € 124, This model of g-multiple zeta values inherits many relations from
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classical multiple zeta values (see [Bra05, OT07, Zha07]). In particular, it admits a modified stuffle
relation arising from the identity

(s=Dn o (r=Dn (s+r-2)n (s+r=1)n

A A q

[n](S] [n]g [n](s1+r—1 + [n];91+r )

n,s,reN

(see [Bra05, (2.2)]). We also remark that there are various other models of g-analogs of multiple zeta
values in the literature (see, e.g., [Sch01, Zud03, Oko14, Bac20]).

1.3. Preliminaries on Function Field Arithmetic. We now consider the positive characteristic set-
ting:

Symbol Description

[, finite field with r elements, where r is a power of a prime p
A =F,[0] the ring of polynomials in the variable 0 over [,

K=F,(0) the field of fractions of A

K =F-((1/6)) the completion of K at the infinite place with uniformizer 1/6
Coo the completion of a fixed algebraic closure of K,

| loo the oo-adic absolute value on C,, normalized such that |0]|, =r.
Al the set of monic polynomials in A

Ag the set of polynomials in A with deg=d

A_g the set of polynomials in A with deg <d

Ay the set of polynomials in A with deg<d

A;d =A;NAy the set of monic polynomials in A with deg=d
Al cq=Ai.NA_; the setof monic polynomials in A with deg<d
Ai<g=A,NnA-; the set of monic polynomials in A with deg<d

Note that in the function field setting, the objects A, K, K,, and C,, play the roles of Z, Q, R, and C
respectively. Furthermore, A is viewed as the function field analog of the set of positive integers N.

We first recall the well-known Carlitz theory (see [Car35, Gos96, Tha04] for details). For any com-
mutative ring R with unity, let R-alg and R-mod denote the category of commutative associative R-
algebras and the category of R-modules, respectively. Then the Carlitz module is defined as the functor

C:A-alg— A-mod

which sends each A-algebra B to the A-module C(B) = B where the A-module structure is given by the
unique [F,-linear homomorphism

dega )
C:A — Endf,(G,(B)), a—Cgy(1):= Z [a,ilt?,
=0
such that Cy(7) = 0id+7. Here, Endf, (G,(B)) denotes the ring of all F,-linear endomorphisms of the
additive group G, over B, and 7 : u — u” denotes the r-th power Frobenius endomorphism on B. Fur-
thermore, for any a € A, we let
dega ;
C.,(X)= Z [a,i1X" € A[X]
=0
be the associated [F,-linear polynomial.
The Carlitz module C serves as the function field counterpart of the multiplicative group

Gy, : Z-alg — Z-mod.
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They share many similar properties. For example, we have the Carlitz exponential defined by

13

00 r -1 . .
expc(X) =) D D;=[]w®" —0™),
i=0 Mi j=0

which satisfies the functional equation
Cylexpc(X)) =expc(aX), a€A,

and plays the role of the classical exponential exp(z). This induces the following short exact sequence
of A-modules:
ex
0 — #A — Lie(C)(Cop) = Coo —2% C(Coo) = Cop — 0,
which is analogous to the short exact sequence of Z-modules:

exp

0 — 271V -1Z — Lie(G,)(C) =C — G, (C)=C* — 1.
Here, 7 is the Carlitz period given by

&= (_g)y'r-D l°—°[ (1 _91_,i)—1 e
i-1

where a choice of an (r — 1)-st root of -0 is fixed (thus, 7 is well-defined up to a factor in ;). We remark
that 7 is transcendental (see [Wad41]) and naturally serves as the function field counterpart of 27v 1.
On the other hand, for ne A, the A-module of Carlitz n-torsion points, defined by
An:i={ueCqy:Cyh(u) =0},

is a cyclic A-module generated by the element A, := expc(#/n). This torsion submodule A, of C(C) is
completely analogous to the classical group of n-th roots of unity in G,,(C) =C*.
Next, we introduce the theory of multiple zeta values in this setting. We denote by

o0
.= | J z"uig}
m=1

the set of extended indices. An index s € I®* is called positive if s € I. Otherwise, it is called non-positive.
Then Thakur’s power sum is defined by

1
Sa(s)= ), —, d,seZ

a€A+,d

By the empty sum convention, we note that S.4(s) = 0 for d < 0. Now, for any non-empty index s =

(81,...,8m) € I®, we define Thakur’s multiple power sum
Sq(s) = Y Sq,(s1)---Sq,,(sm), deZ,
d=di1>->d;=20
and
Sca(s)= Y Sa,(s1):--Sq, (sm), deZ.

d>d1>>d =0
We conventionally set S3() =640 and S<4() =1 for all d € Z where §; ; denotes the Kronecker delta.
With these notions, Thakur’s multiple zeta value is defined by

(als) = dlim S<q(s) € Ko

for any index s € I®***. We mention that for any non-empty positive s € I, we have

1
Lals) = 2 P Tas—
a1y, am€EA L a; apy
degai>--->dega,, =0

€ Ko
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On the other hand, for any non-positive s € I, note that the power sum S;(s) at non-positive integer
s < 0 vanishes for sufficiently large d (see [Tha04, Theorem 5.1.2]). Thus, S;(s) — 0 as d — oo for any
s € Z, which guarantees the convergence of {4(s). We denote by 3o, = ({a(s):5 € Dg = ({a(s):5 € I®N g
the K-algebra generated by all Thakur’s multiple zeta values (see Lemma 4.18).

In 2010, Thakur [Thal0] proved that the product of two of Thakur’s multiple zeta values at positive
indices can be expressed as an [F,-linear combination of values of the same weight, known as the r-
shuffle relations. Chen [Chel5] proved the following explicit formula: For any r1,s1 €N,

Ca(r)a(s) =Calr1, 5D +lalst,r)+alri+sD+ Y. AP Cali,)),
1,7=1
i+ Jl'=Jr1+sl

where

(1.1)

1 i _1ri-1 . }
Ai,j — (_1)r1 1(7“]1—11) + (_1)81 1(;1—1)’ lf (r - 1) | J>
TS, otherwise,

and [','Z) denotes the usual binomial coefficient modulo p. Based on Chen’s formula, Yamamoto observed
a (conjectural) inductive formula for the r-shuffle relations (1.2). The following r-shuffle algebra (2, )
was formulated in [Shil8]:

Definition 1.4. Let ./ be the free monoid generated by the set {x; : £ € N} and let % be the [,-vector
space generated by .#. For any non-empty index s = (s1,...,8,;) € I and the empty index &, we define
5~ =(s2,...,8,) and &~ = J. Moreover, we denote the corresponding words by xs = x,, --- x5, and xgy = 1.
We define the r-shuffle product * on £ inductively on the sum of depths as follows:

(1) For any index s € I, define
1sxs;=x5%1=x,.
(2) For non-empty indices v =(r1,...,rm),5 =(s1,...,8,) € I, define
X * Xg = Xpp (X * Xg) + Xg) (X * Xg=) + 27 45, (X * 25-) + Z Ai’lj,slxi((xt— * Xg-) * X ). 1.2)
i+}’:Jr211+sl
(3) Extend the product * to the [F,-vector space Z by the distributive law.

Shi showed in her PhD thesis [Shil8] that the r-shuffle product * on % indeed encodes the r-shuffle
relations of Thakur’s multiple zeta values. Precisely, we have the following theorem:

Theorem 1.5 ([Shil8, Theorem 3.1.4]). For d =0, let Sf:d,a : & — K be the unique Fy-linear maps
satisfying
S<d(1):: 1, S<d(x5):: S<d(5),

(a(1):=1, Calxs):= dlim S<a(xs) =Ca(8).
—00
Then §<\d is an [,-algebra homomorphism. Consequently, (/Z is also an F,-algebra homomorphism, i.e.,

{ale * x5) = LA (6) A (5).

Next, we consider the finite multiple zeta values over K. We begin with the ring

= (11 /@)

where v ranges over all monic irreducible polynomials in A and F, = A/(v). Notice that we have a
natural embedding K — «/x. The K-algebra «/x is a natural analog of Kontsevich’s ring o/ and was
studied in [CM 17, Shi18]. The finite multiple zeta value over K is defined by

(ot (8) = (S<dego(s) modv) €, D#s5=(s1,...,Sm)€ 1<,
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We set (., () = (1), and denote the K-algebra generated by all finite multiple zeta values over K by
Bety = et (8):s €Dg = (g (5):5 € I®Y % (see Lemma 4.18). It is immediate from the definitions and
Theorem 1.5 that the finite multiple zeta values over K at positive indices also satisfy the same r-shuffle
relations as Thakur’s multiple zeta values.

1.4. Main Results and Organization of the Paper. In this paper, we introduce the concepts of the
u-bracket [al, = C,(u)/u, the finite multiple harmonic u-series H_4(s;u), and u-multiple zeta values
(. (5) (see Definitions 2.1, 3.2, and 3.4). These objects serve as function field counterparts to the clas-
sical g-bracket [n];, the finite multiple harmonic g-series Z.,(s;q), and g-multiple zeta values {,(s),
respectively. Based on these new definitions, we establish the following results:

Theorem 1.6 (restated as Theorem 3.18). For any index s € I, we have

(A(ﬁ) = ].lm H<degn(5; A«n).
degn—oo

Theorem 1.7 (restated as Theorem 3.19). For any index s € I*®, we have
CdK(E) = (H<degv(5;/10) mod Av)v € k.

Roughly speaking, taking the “analytic limit” of the finite multiple harmonic u-series at Carlitz tor-
sion points leads to Thakur’s multiple zeta values, while taking the “algebraic limit” provides the finite
multiple zeta values over K (cf. Theorems 1.2 and 1.3).

Furthermore, we compute the formal power series expansion of u-multiple zeta values and show that
their coefficients are in fact K-linear combinations of Thakur’s multiple zeta values:

Theorem 1.8 (restated as Propositions 4.6 and 4.7). Let s =(s1,...,Sm) € I°¢. Then

@)= Yy € Coollull,
N=0

where
ni(r-1)  np(r-1) ( m

we= Y Y e Y 1‘[cfjfij)cA(sl—il,...,sm—im>,

ni,..nm=0 i1=0 in=0 \j=1
ni+-+n,=N

for some explicit constants c;s)i eK.

We remark that the above theorems hold not only for positive indices but also for non-positive ones.

In addition, following the approach of [Shil8] (see also [Thal0]), we show that the finite multiple
harmonic u-series H_;4(s;u) and the u-multiple zeta values (,(s) satisfy the same r-shuffle relations
as Thakur’s multiple zeta values (see Corollaries 3.12, 3.13, 4.10 and 4.11). As an application, we find
a Hasse-Schmidt derivation (2x5)n>0 over the realization map EZ : R — 3o of Thakur’s multiple zeta
values. More precisely, we have the following theorem:

Theorem 1.9 (restated as Theorem 4.20). For N =0, let Zn : Z — 30 be the unique Fp-linear map such
that In(xz) =ON,0 and

Dn(xs) = ), (H (_SJ)) Ca(s1—ni(r=1),...,8;m —np(r—1))

ni,..n,m=0 \j=1 n;
ni+-+n,=N

for non-empty index s =(s1,...,8m) € L. Then for any indices t,s € I, we have 9y = C/X and

N
DN (e * x5) = Z Dr(x)DN -1 (xs5).
k=0
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In effect, Theorem 1.9 provides a family of explicit relations between Thakur’s multiple zeta values
at both positive and non-positive indices (cf. (4.9), (4.10)).

The introduction of u-multiple zeta values naturally raises several intriguing questions for future
research. For instance, given that multiple harmonic u-series serve as a bridge between Thakur’s
multiple zeta values analytically and finite multiple zeta values over K algebraically, one might ask if
they admit a natural connection to v-adic multiple zeta values (see [CM19, CM21, CCM22]), or even to
adelic multiple zeta values over K (see [Che23]). The author aims to explore some of these directions in
future work.

Having stated our main results, we now outline the contents of the remaining sections.

In §2, we define the u-bracket and u-Carlitz factorial (see Definitions 2.1 and 2.3), and establish a
u-analog of Legendre’s formula in §2.1 (see Proposition 2.4). Furthermore, we provide estimates on the
coefficients of the Carlitz module and the u-bracket in §2.2, which will be essential for the subsequent
analysis.

In §3, we investigate the finite multiple u-series and u-multiple zeta values, whose definitions are
given in §3.1. In §3.2, we work in a more general setting to prove that these values satisfy the same
r-shuffle relations as Thakur’s multiple zeta values at positive indices. We then establish an Euler—
Carlitz-type formula for finite multiple harmonic u-series at Carlitz torsion points in §3.3 (see Theorem
3.15). In §3.4, we provide the proofs of Theorems 1.6 and 1.7. In conjunction with the Euler—Carlitz-type
formula, these theorems recover the original Euler—Carlitz formula for Thakur’s multiple zeta values
and imply the vanishing of finite multiple zeta values over K at r-even integers (see Corollaries 3.20
and 3.21).

In §4, we further discuss the properties of u-multiple zeta values. In §4.1, we view these values
as functions on the Drinfeld upper-half plane by setting u = exp(7z), and prove that they are rigid
analytic. In §4.2, we treat u-multiple zeta values as formal power series in u. Specifically, we compute
their explicit coefficients and provide a proof of Theorem 1.8. Finally, in §4.3, inspired by this formal
expansion, we define the operators (2y5)n>0 and prove Theorem 1.9 by applying the abstract framework
of r-shuffle relations established in §3.2.
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2. u-BRACKET AND u-CARLITZ FACTORIAL

2.1. u-Bracket and u-Carlitz Factorial.

Definition 2.1. For each a € A, we define the u-bracket as the polynomial in the formal variable u given
by

lal, := C“LE”) € Coolu] S CoolluIl.




ON u-MULTIPLE ZETA VALUES IN POSITIVE CHARACTERISTIC 9

When u is specialized to a value in C, this recovers the evaluation

] Cl) ity 0,
a =
“ ifu=0.

One sees that [a]l, — a as u — 0, analogous to the classical g-bracket [n], = % —n as q — 1.

1
Furthermore, we have the following immediate properties:

Lemma 2.2. For a,b € A and € € F,, we have

(D) [a+0b], =lal, +[b],.
(2) [eal, = elaly.
3) lalulblc,w) =lalc,w)lbly =[ably.

Proof. (1), (2) follow directly from the [F,-linearity of Carlitz action. (3) follows from the fact that
Co(w) Cp(Ca(w)) _ Cap() _ Ca(Cp(w)) Cp(u)
C,(w) u Cp(u)

lal.[b]c,w) = =[alc,w)[blu.

We now use u-brackets to define a u-analog of Carlitz factorials.

Definition 2.3. Let n = Zzozondrd € Z>o where 0 <ng <r—1. We define the n-th u-Carlitz factorial by
o0
Tyn+1= l_[ D;de € Coolul
d=0

where for each d € Z,
Dy q:= H [a], € Coolul.

a€A+’d

Recall that the n-th Carlitz factorial is defined by I';,1+1 := ZOZODZ" where Dy = [1,e A, 40 € A. A
celebrated result by W. Sinnott states that (see [Gos96, Theorem 9.1.1])

Lpa= ] okl @
v monic irreducible
which serves as the function field analog of Legendre’s formula for the classical factorial
n' = 1_[ pZezan/lpelJ.
p prime
We briefly recall the notion of Carlitz cyclotomic polynomials (see [Pap23, Definition 7.1.4]). For
a € A,, the a-th Carlitz cyclotomic polynomial is defined as

o¢X):= [] (X-Cu(Ae)€KIX],
degb<dega
ged(a,b)=1

which serves as the function field analog of the classical cyclotomic polynomial ®;(X) € Q[X]. Then the
following proposition provides a u-analog of Sinnott’s identity.

Proposition 2.4. For n € Z-q, we have

Tyn+1= l_[ q)g(u)tn/lalooJ
acA .
a#l

where @g(x) denotes the a-th Carlitz cyclotomic polynomial.
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Proof. First, notice that for d € Z~, we have

Dya=u"" [] Cow=u"" ] [l ®Cw=u"" [ @Sy ™.
beA, 4 beA, gacA, a€Ay <4
alb
For the last equality, we observe that each a € A, -4 has exactly rd=dega monic multiples of degree d in
A. Now, write n =Y.7° ngr®, 0<ng<r-1. Then

_Zoo n rd S C n rd—dega
1—‘u,n+1 =y “d=0"d l_[ H (I)a (u)*d . (2.2)
d=0a€A+,Sd
For each a € A, observe that the total exponent of ®$(u) in (2.2) is
Z ngré=9e8e = |p/rde8 | = | n/lalol.
d=dega
Finally, note that (D?(u) =u. We conclude
Tyne1=u"®C@)" J] oCw)!alol = [T @S(u)1el!,
acA, acA,
a#l a#l
O

To see that Proposition 2.4 serves as a u-analog of (2.1), we require the following lemma:

Lemma 2.5. Let a € A, with a # 1. Then the a-th Carlitz cyclotomic polynomial chf(u) evaluated at
u =0 satisfies
®C(0) = v, if a=v® for some monic irreducible polynomial v and e =1,
e, if a has at least two distinct monic irreducible factors.

Proof. Note that
_ Ca(u)

[al, = =u ' [[of@) = [] oS w).
‘ bla o

Evaluating both sides at u =0, we obtain

a=[]oS©) =[]r®),
bla bla
b#1
where f: A, — A is defined by f(1)=1 and f(b) = CDg(O) for b # 1.
By the Mobius inversion formula on the divisibility poset of A, (see [Stal2, Section 3.7]), we can
express f(a) as
fla)= Hby(a/b),
bla
where p is the Mobius function on A, defined by (1) = 1, u(a) = (-1)* if @ is a product of % distinct
monic irreducible polynomials, and u(a) = 0 otherwise.
We now determine the values of f(a) by considering the following cases.
Case 1: a = v° for some monic irreducible polynomial ve A,.
Any divisors of a are of the form v* for 0 <% < e and p(v®/v*) = u(v®*) is non-zero only when e —% =0 or
1. Thus, we obtain
f(ve) — (Ue)u(l) X (ve—l)y(v) — (ve)l . (ve—l)—l = 0.

Hence, (DSQ(O) =v.
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Case 2: a has at least two distinct monic irreducible factors.
We proceed by induction on dega. The base case is clear by Case 1. Suppose q)g(O) =1forallbeA,
with degb < dega. Let a = U11 ;2 --vzk € A, where v; are distinct monic irreducible polynomials, e; € N,

and £ = 2. Then we have

I1 Y(0) |
bla, b#a
b has =2 irreducible factors

a = 0C(0)- (]‘[ I ©%(0)]-

i1=1j=1 Yi

By Case 1 and induction hypothesis, we have
k
= 0%(0)- ]‘[ ]‘[ vi-1=050) [Tv" = 2$(0)-a.
1=1j= =1
This forces CDS(O) =1, which completes the proof. 0
Hence, as u — 0, Lemma 2.5 recovers Sinnott’s identity (2.1).

2.2. Estimates for the u-Bracket. In this subsection, we characterize the domain of u for which [a],
diverges as dega — oco. These estimates will be essential for the subsequent analysis.

Definition 2.6. Define ® to be the subset
D =Coo Mt €Co: [ttloo =r* D ke 7).

Remark 2.7. We remark that ® contains the following regions:

(1) u=0.

(2) {ueCq:lul>rVr-Dy,
Moreover ® avoids all non-zero Carlitz torsion points, as the absolute value of any such point is of the
form r**71 for some % € Z<q (see [Ros02, Proposition 12.13]).

We shall prove that for u € D, [[aly|lec — 00 as dega — oo by the following estimates on the terms
[a,ilu” of Carlitz polynomials Cq(u).

Lemma 2.8. For 0 #u €® and a € Ay, there exists a unique 0 <1ig:=1io(d) <d such that

T2, i1 loo < Ila,iole"" oo
for all 0 <i <d with i # ig. Moreover, we have the following properties:

(1) ig depends only on d for any fixed u.
(2) ig(d) — o0 as d — .
3) d—iop(d)=xy for all d large enough, where x, is a non-negative integer depending only on u.

Proof. Since u # 0, we may write |u|. = r" for some 1 € R. For a € A with dega =d and each 0 <i <d,
we have (see [Ros02, Proposition 12.11])

la,illoo =" @D,

Hence,
I[a,i]u |oo r(d i) rn_rr “d- l+77)
Consider the real-valued function
Ryx)=r*(d-x+mn), x€R.
Standard calculus shows that R, attains its maximum at

1
Inr’
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and that R ;(x) is strictly increasing on [0,x.] and strictly decreasing on [x.,00).
Let n = |x.]. Then the maximum among {R ;(i)}p<i<q is determined as follows:
Case 1: n > d — 1. The maximum is attained at i = d, so

max R (i) = Rg(d),

o<i<d
and the maximum is unique.
Case 2: n < 0. The maximum is attained at i =0, so
max R;(i) = R4(0),

o<i<d
and the maximum is unique.
Case 3: 0<n <d -1. The maximum is
max R (i) = max{R;(n),R (n + 1)}.

O<i=d
We now determine when R (n) = R4 (n + 1). We compute that
Rin+1)-Ry(n)=0 = r"(r-Dd-n+n)-r)=
r
<~ d-n+n= 1
Since n <d -1, d —n is a positive integer. Thus, this equality fails whenever n ¢ Z<o+=5. Consequently,
under the assumption that u € ®, the set {R;(i)}o<;<q has a unique maximum.
We now analyze this more precisely by considering the value of n:

Case A: 1> % Note that

1 1
0< ——
Inr r-1

<1.

One verifies that

n=|d+n- J >d-1.
Ifn=d-1,thend—-n+n=1+n>1+ ﬁ = ﬁ, S0 Rd(n +1) > R (n) and the unique maximum is R j(d).
If n >d —1, the maximum is precisely R ;(d) as shown in Case 1. Therefore,

max R (i) = Rg4(d),

O<i<d
and hence i¢(d) = d in this case.
Case B:n< -1 and n¢ Z.o+ 1. One has
n=|d+n-Z]l=sd-1
We remark that for d large enough, n = 0. By Case 3, the unique maximum lies in {R; (n),R 4 (n + 1)}.
Note that

Ry(n+1)—Ry(n)>0 < d—n+n>L1.
r—

We compute
d-n+n=d-|d+n- lnrJ +n=n-In- lnrJ
so the choice between n and n + 1 depends only on 7. Consequently, either

iod)=ld+n—=]=d+In-

lnr
or

iod)=1d+n- lnr
The three desired properties follow immediately from the above analysis, completing the proof. 0]

—=]l+1=d+1+|n- 1nrJ
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Corollary 2.9. For u €®, we have

|[a]u|oo_’oo

as dega — oo.

Proof. For u = 0, the result is clear. Suppose u # 0. Write |ulo, = r" for some n € R. Let a € A with
d =dega = 1. By Lemma 2.8 and the strong triangle inequality, we have

d . _
ICa(@leo = | Y la,ilu” | =rRalio) > pRaD - prid=14m)
i=0 o
Hence,
Co(u
llaluloo = ‘— N s praenn o
o0
as d — oo. 0

3. FINITE MULTIPLE HARMONIC u-SERIES

In this section, we study the finite multiple harmonic u-series, which is viewed as a u-analog of the
truncation of Thakur’s multiple zeta values. Specifically, we will first show that they satisfy the r-shuffle
relations and possess an Euler-Carlitz-type formula. Furthermore, we examine both the “algebraic” and
“analytic” limits of the finite multiple harmonic u-series evaluated at Carlitz torsion points, in view of
the work of Bachmann, Takeyama, and Tasaka [BTT18].

3.1. Finite Multiple Harmonic u-Series. First, we recall the notations

I*“= | J z"u{@} and I=|JN"u{2}

m=1 m=1
Also, by convention, an empty sum is defined to be zero and an empty product to be one.
We now introduce u-analogs of Thakur’s power sums and finite multiple harmonic series.

Definition 3.1. For s,d € Z, we define the u-power sum by

H;(s;u) = Z

S
a€A+,d [a]u

€ Coollue]l.

For any non-empty index s = (s1,...,5,) € I*! and d € Z, we define the u-multiple power sum by

Hg(s;u):= > Hg, (s1;u)--Hy, (Sm;u)
d=d1>>d;=0
= — € Coollu]l.
al,...,(lZ,nEA+ [al]i1 lamly”

d=degai>...>dega,, =0

We conventionally put H;(J;u) = 64,0 where §; ; denotes the Kronecker delta. Evaluating Hy(s;u) at
any u € Cy, such that C,(u) #0 for alla € A, 4 yields a well-defined element in Cq.

Definition 3.2. For any non-empty index s = (s1,...,5,) € I** and d € Z, we define the finite multiple
harmonic u-series by
H 4(s;u):= Y. Hg(s1;u)--Hg, (sSm;u)
d>d1>>d =0
1

S1 s
a1,...,am€EA, [al]u "'[am]um
d>degai>-->dega,;;, =0

€ Coollue1l.
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We conventionally put H.;(2;u) = 1. Evaluating H_4(s;u) at any u € C,, such that C,(u) # 0 for all
a €A, .4 yields a well-defined element in Cq.

Note that whenever dep(s) > d+1, H;(s;u) is an empty sum and thus equals zero. Similarly, H_4(s;u) =
0 whenever dep(s) > d.

Remark 3.3. One observes that as u — 0, the u-multiple power sums and finite multiple harmonic u-
series reduce to Thakur’s multiple power sums and finite multiple harmonic series, respectively. That
is, for any index s = (s1,...,8,,) € I*,

. 1
lim H;(s;u) =S 4(s) = Z - —
u—0 ai,...,.am€A+ a; am
d=degai>--->dega,,=0
and 1
Iim H_4(5;u)=S4(s):= Z 5T s
u—0 a1y, am€EAL a;

d>degai>-->dega,;;, =0
Hence, we have limy_..,lim, .o H 4(s;u) = {4(s).

Parallel to the classical theory, we introduce a u-analog of Thakur’s multiple zeta values.

Definition 3.4. For any non-empty index s = (s1,...,58,) € I and u € Co, with C,(u)#0 foralla€ A,
we define the u-multiple zeta value by

(u(5):= lim H_4(s;u)
d—oo
whenever the series converges in C.

Remark 3.5. Corollary 2.9 implies that for u € ©, the series {,(s) converges for any positive index
s € I. For non-positive indices, note that for each fixed s < 0, the u-power sum H;(s;u) vanishes for
all sufficiently large d (see [Tha04, Theorem 5.1.2]). Then Corollary 2.9 together with this observation
guarantee the convergence of {,(s).

Remark 3.6. In general, {,(s) may not converge to {a(s) as u — 0. However, one can check by us-
ing similar arguments in Theorem 3.18 that there exists a sequence (u,),>1 tending to 0 such that
lim, .05y, (s) = {a(s) for any index s € Iext,

3.2. r-Shuffle Relations. In this subsection, we aim to show that both finite multiple harmonic u-
series and u-multiple zeta values at positive indices satisfy the r-shuffle relations. To this end, we first
establish the result in a more formal and general framework by considering the following setting:
Let K be an integral domain containing F, and fix dg € N. For each a € A_;4,, we assign an element
[a] € K. We assume the bracket satisfying the following properties:
(1) Foralla€ A, 4,, [ale K*.
(2) For alla,be Ay,
la +b]=[al+[b].
(3) Foralla€ A4, and € €F,,
[ea] = €lal.
In particular, one sees that for u € C,, with C,(u) # 0 for all a € A, 4, the u-bracket [a], satisfies all
the properties.
Next, for any index s =(s1,...,8,,) € I, we consider the formal version of multiple power sum

1
H,;(5) = ek, 0=d<d)y, 3.1)
¢ Zm ca,  larlFrlaglon 0
d=degai>-->dega,;; =0
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and the corresponding finite multiple harmonic series

1
H_; (s):= eK, 1=d=d,. (3.2)
<d Zm ca,  laglFrlaglon 0
d>degai>-->dega,, =0

By convention, we put H.y(s) = 0 for all non-empty s I and H.4(&) =1 for all 0 <d <dy. We let
ﬁ:d % —K
be the unique F,-linear map such that
l=xg—1, xs—Hcy(s),

and recall the notation s~ €I, denoting the index obtained by removing the first entry of s € I. Then we
show that H.4,(s) satisfies the r-shuffle relations. For this purpose, we establish several preliminary
lemmas:

Lemma 3.7. Let 0<d <dyand s =(s1,...,Sm) €I be a non-empty index. Then we have

H g(s)= ) Hg (o).
0<di<d

Lemma 3.8. Let 0<d <dyand s =(s1,...,Sm) €I be a non-empty index. Then we have

H;(s)=H;(s1)H4(s7).

In the following proofs of Lemma 3.9 and Theorem 3.10, we closely follow the arguments of Shi [Shil8,
Theorem 3.1.4] for S_;4(s) (see also [Thal0]).

Lemma 3.9. Let 0<d <dg and r1,s1 € N. Then we have
Hy(r)Hg(s1) =Hg(ri+s1)+ ) Af«’lj,slHd(i,J')
T
where AilJ s, 18 defined in (1.1).
Proof. Note that

1 1
H H =
a(r1)Hg(s1) (ae;r,d [a]rl) (be;,d [b]sl)

1 1
= + S —
aE;’d [a]r1+81 a,b§4+,d [a]rl[b]sl
azb
CHyritsD+ Y ——
T apea, o lal DI
azb

Next, recall the partial fraction decomposition: For elements x # y in an integral domain, we have

1 1 ((-1)81(5;_11) . (—1>f—’1(,fl‘_11))

xrlysl i+j=r1+sl (x_y)]

xi yl
Thus, we have

1
a,bgtd [al1[b]r a,b§4+,d i+j:zr1+s1 (o] -[b1Y
azb a#b

1 -1l . (-1 (/)
[a]’ [b]
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1 (GO Gy
=y ¥ _ ), b)) (3.3)
€A, 4 i+j=ri+s1 [f]‘] [al’ [a— f]l
0#feAq
Note that the first summand in (3.3) equals
-1 -1
5 5 (—1)s.1(s’1_.1) _ v ( 5 l.) 5 (—1)s.1(g’1__1)
i+j=ri+s1 acA0efea  Lal[fY i+j=rq+s1 \eer € a,feA, [al'[fV
d=dega>degf d=dega>degf
-1
= X (—1)81“(] )Hd(i,ﬁ.
i+j=ri+s1 s1—1
(r-1)|j
Similarly, the second summand in (3.3) becomes
(_1)j—7‘1 j—_l . 1
2 2 —i(” L. <—1>f-r1+1(J Hy(i, ).
i+j=ri+s1 (a—f)EA,0#f€A la _f] [f]J i+j=ri+s1 ri—1
d=deg(a—f)>degf r=lj
Note that (-1)%1*1 = (-=1)*"! and (-1) 71" = (-1)"1"! since (r — 1) | j. It follows that
Hy(r)Hg(s1) =Hg(r1+s)+ ) Ai’lj,slHd(i,j)-
i,j=1
i+j;;1+sl
O

With the necessary lemmas in hand, we prove that m : 2 — K forms an [,-algebra homomorphism.
That is, H.4,(s) satisfies the r-shuffle relations.

Theorem 3.10. Let 1 <d <dy. Then }T<\d is an F,-algebra homomorphism. That is,
H_g(xc # 25) = Heg(x) Hog(x5) = Heg (H<a(s)
for any indices tv,s5 € L

Proof. We proceed by induction on the total depth 2 = dep(t) + dep(s). When t or s is empty, the results
is clear. In particular, the base case £ = 1 holds. Suppose the result holds for all £ < /. We may assume
both t and s are non-empty. Let vt =(ry,...,r,),5 =(s1,...,8n) € I be non-empty indices with m +n = ¢.
Then by Lemma 3.7, we have

H_;(x)Hog(x,)
=( > Hdl(t))( Y Hd2<s))
0<di<d 0<do<d
= )  Hy@Hgs)+ )  Hg©Hg6)+ Y Hg (Hg(s)
0<do<di<d 0<di<do<d 0<do=d1<d
= ) Hdl(t)( > Hdz(ﬁ))+ > ( > Hdl(t))Hdz(ﬁ)
0<di<d 0=<do<d1 0<do<d \0=di<dsg
+ ) Hg()Hg,(s)
0<dg<d

0<di<d 0<do<d 0<ds<d
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For the third equality, note that empty sums are taken to be zero. Hence, by Lemma 3.8, we obtain
H_ (c)Hog(xs)= Y, Hg (r)Heg, () Hg, (5)
0<di<d

+ Y Hgy(s1)Hcg,(s ) Heg, ()
0=<dg<d

+ Y Hg(s)Hg(r)H g, Hegy(s7). (3.4)
0=<ds<d

By induction hypothesis and Lemma 3.8, the first summand in (3.4) becomes

Y Hy(rDHeq,)Heg,(5)= Y, Hy (r1)Heg, (e * x5)

0=<di<d 0=<di<d
= Y Hg,(xp (xr *x5))
0=<di<d

=H_g(x,, (- * x5)).

The second equality can be checked immediately by writing x.- * x5 = >, ¢;xy,;, ¢; € F, and using the
Fp-linearity. Similarly, the second summand in (3.4) equals

Y Hgy(s)Hcq, (57 ) Heg, (v) = Hog(xg, (e * x5-)).
0<do<d

Finally, by Lemmas 3.7, 3.8, 3.9 and induction hypothesis, the third summand in (3.4) is
Z Hd3(Sl)Hd3(rl)H<d3(t_)H<d3(5_)

0<ds<d
= Y Hgy(sD)Hg,(r)H g, (o * x5-)
0<ds<d

= Y (Hyitso+ Y AK Ha (L)) [Hogy (e *x60)

0<dz<d i,j=1
i+j=ri+s;
—_ ij C o
= Z HdB(rl + 81)H<d3 (x'f * x57) + Z Z Ari],slHd3(I',.])H<d3(xt7 * xs*)
0<ds<d 0<ds<d i,j=1
i+j:r1+sl
= ij N .
= Heg (X 45, (e % x5-)) + Z Arlj,sl Z Hg, (OHc gy (e * x5-)Heg,y ()
I,j=1 0<dsg<d
i+j=r1+81
—_— i, : — —
=H gt as, (o *xs-)+ Y AR Y Hgy(H g,y (o * x5 ) He g, (x)
I,j=1 0<ds<d
i+j=ri+si
—_— ij e———
=Heg(r s, (o ¥ 25D+ Y A Y Hay(DHeg, (e % x5-) % x;)
1,721 0=ds3<d
i+j=ri+si
— i,j —
=Ho g s, e *xs- N+ Y A Hegoi((o * x4-) % X)),
ij>1
i+j=r1+31
This completes the proof. O

We now further assume that K is a Hausdorff topological ring. Moreover, each a € A corresponds to
an element [a] € K satisfying the following properties:

(1) Forallace A, [ale K*.



18 H.-C. TSUI

(2) Foralla,be A,
la +b]=[a]+[b].
3) Foralla€ A and € F,,
[ea] = €lal.
(4) For any index s € I, the limit
Z(s) = dlijﬂlo H_4()
converges in K.

Then we obtain the following corollary.
Corollary 3.11. The unique Fy-linear map
Z:%—K
defined by
l=xg—1, x5— Z(s),
is an Fp-algebra homomorphism. That is,
Z(x, * x5) = Z(x)Zxs) = Z()Z(s)
for any indices t,s € L

Then, we return to the case of finite multiple harmonic u-series and u-multiple zeta values. For any
d €N and u € Cy, such that C,(u) #0 for alla € A, 4, we define

ﬁ<\d(-;u):%—>(ﬁoo

as the unique [Fp-linear map such that ﬁ:d(xﬁ; u) := H_4(s;u). Additionally, for u € C, such that {,(s)
is defined for every index s € I, we define the realization map of u-multiple zeta values by (, :=
limg_.co Heg(*;u). As immediate consequences of Theorem 3.10 and Corollary 3.11, we obtain the fol-
lowing results.

Corollary 3.12. For any d e N and u € Cy, such that C,(u) #0 for all a € A, -4, the map H:d(o; u)isan
Fp-algebra homomorphism. That is,

H_ (e % x53u) = Heg(ag; wH g (xs5u) = Heg(t;u)H cq(530)
for any indices t,s € L

Corollary 3.13. For u € Cy, such that {,(s) is defined for every index s € I, the map Z; is an Fp-algebra
homomorphism. That is,

Cu (oo % 2531) = Ly (o3 o a3 ) = (o (650 (55 0)
for any indices t,s € L

3.3. Euler-Carlitz-type Formula for H_; at Carlitz Torsion Points. Recall that for eachne A,

An = expc(g) is the generator of A,, the A-module of Carlitz n-torsion points. In this subsection, we

establish an Euler—Carlitz-type formula for Hgegn(s; An), which we call the finite Euler-Carlitz formula.
We first define the degenerate Bernoulli—Carlitz numbers.

Definition 3.14. For non-zero a € A, we define the degenerate Bernoulli-Carlitz number dBC,(a) € K
by the identity
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This can be viewed as the function field analog of the degenerate Bernoulli number B,(k~1) defined
by Carlitz [Car56]. Recall that the Bernoulli—-Carlitz number BC,, € K is defined by the identity

X & BG,

One checks that as dega — oo, dBC,,(a) — BC,, for each n € N since Ca(g) — expc(X).
Then the finite Euler—Carlitz formula is given as follows:

X",

Theorem 3.15. Let s € N be a r-even integer, i.e., (r—1)|s. Let ne A,. Then we have
H<degn(3;1n) _ dBCg(n)
(nAy)* Tsi1

In particular, H.g(s;An) €K - A5,
Proof. Let d =degn. Note that
Cu(X)= H (X -Cq(An)) and Cu(X) = Z H (X = Cp(An)).

acA g a€A_gbeAy
b#a

Thus, the logarithmic derivative of C,(X) is
C.x)y 1 1
Cn(X) X 0#a€A o4 X - Ca(/ln)
1 1
—+ ¥
X X +C,(1y)
1
X

O;éa(-:A<d
1 1

0#a€A g Ca(ﬂn) 1+
Ca(An)
1 1 & (-1
=—+
X O;éaXE:a d a(An) S;) Ca(/ln)s
-1

Z Z a(An)s+lX

s=00#£a€A <d

By change of variables, we obtain
xC,&y = et
DM p s
Cu (_) s=10#£acA. (nCq(An))

n

S

2[5 1 (-1
=1 - XS
" sgl (ee[FX ES) (aeAZJr,<d (nCa(/ln))s)
- (-1)°
= 1 —Xs
" S;L AZ (nCo(A4))°
(r— )Is
_ o sH<d(s /ln)
=1+ szzl (-1) —(n)Ln)S
(r-1)Is
S Heg(s;An)
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For the last equality, we notice that (—1)° = 1 either when p =2 or when p is odd with (r — 1) | s. Finally,
observe that

XCo(y) X _ &dBC,(m) %5
Cn (%) Cn (%) s=0 r8+1 ’
so the result follows by comparing the coefficients. [

3.4. “Limits” of H_; at Carlitz Torsion Points. We then investigate both “analytic” and “algebraic”
limits of Hgegn(s;An) as degn — oo in view of [BTT18]. First, we require the following two lemmas.

Lemma 3.16. For m =1 and elements X1,...,Xn, Y1,...,Y,, in a commutative ring, one has

ﬁxi—f[y,- :ki (HYi)(Xk—Yk)(HXi).

1 =1 \i<k >k

Proof. We first recall the convention that an empty product equals one. We define for 1<k <m +1

o))

i<k ik
Then
m m m
[1Xi-[]Yi=Q1—-Qm+1= ) (Qr —Qr+1).
i-1 i-1 k=1

On the other hand, notice that

Qk:(HYi)Xk(gXi) and Qkﬂ:(HYi)Yk(HXi).

i<k i<k >k
Hence,
Qr—-Qr=|]]Y: HXi)(Xk—Yk),
i<k i>k
and summing over k£ =1,...,m yields the claimed identity. O]

Lemma 3.17. Let n€ A. Then for all a € A gegn,
llaly, —aleo <ltlow and |lalr,lo =1aloo.
Proof. Let d = degn. Recall that we have
Miloo = Y| la,illy = ' (dega~i)

forae Ay and 0 <i <dega (see [Ros02, Propositions 12.11 and 12.13]). Thus,

. i_ i 3 i_1)(— 1 i I 1 _1__1_
’[a,L]/l,ﬁ 1) — pritdega—i) (r'=1(~d+1+17) _ ri(dega—d—i+1+2p)+d-1-74
o0

attains its unique maximum at i = 0. Therefore, we obtain

dega ;
Y [a,ilA; 7Y < max
i=1 .

llaly, —aleo =
" * 1<i<dega

. i_1
la,i]A; ‘ <|aloo-
o0

In particular,
[alr, |, = |(aly, —a)+a|, = lals.
OJ

Then we can prove that as n — oo, the “analytic limit” of H.gegn(s;An) is exactly the corresponding
Thakur’s multiple zeta value {4(s). Precisely, we have the following theorem:
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Theorem 3.18. For any index s € I°, we have

H<degn(5§ An) — Cals)

as degn — oo.

Proof. For the empty index, the result is clear. Let d = degn. We first assume s = (sy,...,

positive and non-empty. Let ¢, =[aly, —a = Zdega[a L]A’ -1 . By Lemma 3.17, we have
|[a]An|Oo =laloo and leglo < l@loo-

Thus, for s €N, we have

-s__-s| _|,~s €a s _ ’
ety o] = ((1+52) 1))
Note that
€g\"S X [—s)(ez\k
1+—| =1+ —1,

( a ) ];1 k ( a )

where the right-hand side converges since |€,|s < |@|s. Therefore, we obtain
_ | & [—s]|eq\® _.|€
fali-a™| =lai3| Y ||| <lel]™
n k=1 k a 0o o0

|—S—1

J_
<lal} At

max |[a,jllIA
1<j<dega

Here, note that |(_ks)|oo <1 and |e,/al, < 1. By Lemma 3.16 and the discussion above, for any fixed

ai,...,am €A, with d >dega>--->dega,, =0, we have

ljll[ai];:i _ ljlla;Si — Z H ai—si H[ai];:i ([ak];:k —a];sk)

o |E=1\i<k i>k

o0
. J_1
< max [][laild lagles max |[ag, flloo [Anlg
1<k<ml_[ 1<j<degay 7/ oo oo
L;ﬁk
< max r—2degak max r" J(degay—d- ]+1+ 7)+d— 1——
1<k<m 1sjsdegak
< max p"@egai-d—j+l+iip+d-1-1-2degas
l<j<degai

To justify the last two steps, we note that in the penultimate inequality, |a;|os’ <1 for alli and —s;—1 <
—2 as s € N. For the last inequality, we observe that for any fixed j = 1, the exponent is a monotonically

increasing function of degay, so the maximum is attained at &2 = 1.
Therefore, it follows that

1 1
Healsid)= SeaPloe = 3 [a1 P! - lap” @t --a’r
a1,..,am€EA L 1 An mly. 1 m
d>degai>-->dega,, =0 -
m
< max H[a I i
a1,...,amEA+ i 2
d>degai>-- >degam>0 o]
< max max 7 (degai-d—j+1+20)+d-1- 1 ~2degas
alw”am€A+ lsjsdegal

d>degai>--->dega,, =0
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P pdei-y _ rctedpedei-Ar g

< max r
1<j<d-1

as d — oo, which implies that
H_q(s;An) — C}im S<a(8)=Cals).
—00

It remains to prove the result for non-positive indices s = (s1,...,5,) € I, Let i € {1,...,m} be the
smallest integer such that s; < 0. By [Tha04, Theorem 5.1.2], there exists an integer N = 0 such that
Sa(s;)=Hg(s;;u)=0 for all d = N. Now, for d > N, we obtain

H_i(s;u) = Y Hg,(s1;u)--Hg, (Sm;u)
d>d1>>d;, =0
N-1
=Y Hg(si,..,Sm3u) > Hg (s1;u)---Hg, (si-1;u),
dL'ZO d>d1>"'>di_1>di
and similarly,

Scals) = > Sa,(s1)--8Sq,,(sm)
d>d1>>du=0

N-1
=) Sq,(Sis...8m) > Saq,(s1)---Sq, ,(s;-1).
d;=0

d>d1>~~->di_1>di

Since I is the smallest integer such that s; <0, the preceding entries s1,...,s;_1 are all positive. Thus,
by applying almost the same argument as above, we deduce that for each fixed 0 <d; =N -1,

> Hg,(s1;A0) - Hg,;_,(si-1;An) — > Sa,(s1)--Sq;_,(si-1)| —0
d>d1>>d;_1>d; d>d1>->d;_1>d; 0o

as d =degn — oo. In addition, it follows immediately from definitions that

lim Hg,(si,...,8m;An) =8q,(Si,...,8m).

d—o0
Therefore, we obtain
|H<q(s;A0) = S<q(8)loc — 0
as d — oo, which implies that
H q(s;A0) — (}112103<d(5) =a(s).

Next, we consider the “algebraic limit” of H.gegn(s; An). We begin by recalling the K-algebra

= (11 /@)

where v ranges over all monic irreducible polynomials in A and F, = A/(v). In addition, we recall the
definition of finite multiple zeta values over K, which, for any index s = (s1,...,s) €1, are given by

Co(5) = y — L medu| e

Sm
ai,...,.am€EA L

S1
al . .am
degv>degai>-->dega,, =0 v

Then we have the following theorem:

Theorem 3.19. For any index s € I, we have

(ot (8) = (Hdego(5;4,) mod Ay), € o (3.5)
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Proof. First, note that H_4, (s;1,) € K(A,), whose ring of integers is A[1,] (see [Ros02, Proposition 12.9]).
Furthermore, for alla € A, 4, , observe that ged(a,v) = 1, and hence
C.(1y)

Ay

is a unit in A[A,] (see [Ros02, Proposition 12.6]), which implies that H.4, (s;1,) € A[A,]. Next, recall
that

[aly, =

vA[A,] = (A,)*®

is totally ramified where ®(v) = #(A/(v))* = [K(A,) : K] (see [Ros02, Proposition 12.7]). Thus, the inertia
degree of (1,) over v is f(A,/v) =1, so F, = A[A,J/(A,). Therefore, the right-hand side of (3.5) makes
sense. Now the result follows immediately from the fact that
C.(Ay)

Ay
forallae A,. ]

laly, = =a (mod A,)

Consequently, the “analytic limit” of H.gegn(5;An) becomes the corresponding Thakur’s multiple zeta
value, whereas its “algebraic limit” yields the corresponding finite multiple zeta value over K. Recalling
the finite Euler—Carlitz formula (Theorem 3.15), we obtain the following two corollaries:

Corollary 3.20 (Euler-Carlitz formula). Let s € N be a r-even integer, i.e., (r —1)|s. Then

Ca(s) _ BCs
8 - 1—‘s+1.

Proof. By Theorem 3.18, we have

H<degn(3; An) _ dBC;(n)

(3.6)
(mAn)® L1
Observe that _
00 ﬁr’
nA, =nexpe(@m) =i+ — — 7T,
n Pc ;Dinrl_l
and dBC;(n) — BC; as d = degn — co. By Theorem 3.18, the identity (3.6) converges, as d — oo, to the
Euler—Carlitz formula. U
Corollary 3.21. Let s € N be a r-even integer, i.e., (r—1)|s. Then
(ot (8) = (0)y € Hg.
Proof. The result follows immediately from Theorems 3.15 and 3.19. O

Remark 3.22. We mention that Corollary 3.21 was previously established in [Shil8] via a different
approach, where the result was derived from an explicit computation of sign-free truncated multiple
zeta values.

Recall that in the classical theory, finite multiple harmonic g-series Z.,(s;(,) evaluated at roots of
unity relate to symmetric multiple zeta values in the analytic limit and to finite multiple zeta values in
the algebraic limit. This connection is viewed as evidence for the Kaneko—Zagier conjecture.

Hence, it is natural to consider a function field analog of the Kaneko—Zagier conjecture. We first
recall the notions of fixed and binary relations introduced in [Tod18].

Definition 3.23. For e € {<fx, A}, a K-linear relation
Zci(.(si) = 0, C; EK,Si el
i
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is called binary if there exist a;,b; € K such that a; + b; = ¢; for each i and
Y (@iSa(s;)+biSq+1(s) =0
i

for all d € Z. In particular, it is called fixed if b; = 0 for all i.

It is obvious that {4 (s) satisfy all fixed relations. Motivated by a similar spirit of [BTT18] and Shi’s
computation [Shil8], we consider the following question:

Question 3.24 (cf. [Shil8, Conjecture 4.6.5]). Does there exist a well-defined surjective K-algebra
homomorphism
@ 3&{1{ - 300/(A(r - 1)300
satisfying
¢ (o (®)) =Cals)  (mod {a(r—1))
for any index s € I? If so, is ker ¢ the ideal generated by all binary relations among (., (5) that are not
fixed?

Remark 3.25. In fact, one may further ask whether ker ¢ is generated by Thakur’s fundamental relation
[Tha09, Theorem 5]. That is, whether the equality

ker @ = ({ g () + (0" = 0) o (1,7 = 1))
holds.

4. u-MULTIPLE ZETA VALUES

4.1. u-Multiple Zeta Values on Drinfeld Upper-Half Plane. We begin by recalling the Drinfeld
upper-half plane
Q:=PHCo0) \ P (K s0) = Coo \ Koo,
which admits a natural rigid analytic structure (see [Dri74, Proposition 6.1] and [Gos80b]). For z € C,
we let
|z]; =inf{|z — x| : x € Koo}
be the imaginary part of z. Then
Q=JQ, where Q,:={zeCxlr"<lzli<lzloo=r"}
neN
is an admissible cover of Q). Furthermore, a function f : Q2 — C is called rigid analytic if its restriction
to each (2, is a uniform limit of rational functions without poles on Q, (see [Gos80a] and [FP04]). We
denote by G(Q2) the algebra of rigid analytic functions on Q.
For any index s € I, we can view the u-multiple zeta values as functions on Q by defining

Culs;2) = {expc(ﬁz)(5)> zeQ.
Then {,(s;z) is well-defined and is a rigid analytic function on Q:
Lemma 4.1. For any index s € I, {,(s;2) is a rigid analytic function on Q.

Proof For the empty index, the result is clear. First, suppose that s = (s1,...,s,) € I is a non-empty
positive index. Then
)sl+--~+sm

. expg(fiz
5;2) = 72)(8) = lim

Culs;2) Cexpc(nz)() dos Z Cal(expc(ﬁz))sl"'Cam(eXpC(ﬁz))sm

d>degai>-->dega,, =0

Z expc(ﬁz)sl+~~+sm

= lim — — .
expc(fia12)1 ---expe(fia,z)m

d—o0

ai,...,.am€EA L
d>degai>-->dega,,=0
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Now, let n € N and z € ,,. Note that for a € A, with dega > n + 1, we have |az|,, =7 > 1. By [Gek88,
Lemma 5.5],
log, |expc(fiaz)le = lazl; = |alwlz]; — 0o

as dega — oco. Thus, (,(s;2) is a uniform limit of rational functions without poles on Q,, and hence it is
a rigid analytic function on Q.

Next, let s = (s1,...,5,) € I be a non-positive index, and let i € {1, ..., m} be the smallest integer such
that s; = 0. By [Tha04, Theorem 5.1.2], there exists an integer N = 0 such that H;(s;;expg(#z)) = 0 for
all d = N. Thus, for d > N, we have

Culs;2) = dlim H_4(s;expc(7z))

= lim Y. Hg,(s1;expe(#2))-+Hy, (sm;expc(7z))
d_’°°d>d1>--->dm20
N-1
= lim Z Hg (si,...,sm;expg(iz))
d—>oodi:0
x > Hg,(s1;expe(7iz)) - Hg, (si-1;expc(72))
d>d1>>d;_1>d;
N-1 ~ _\S1++Si—
. expe(fiz)’t i-1
= Y ¢q,(2) lim y R L L
d:z0 d—oo 1ot 1€A, expg(fia12)st---expo(fia;—12)5i-1
d>degai1>--->dega;_1>d;
where cq,(2) = Hg,(s;,...,5m;expc(f2)) is clearly rigid analytic. It follows by a similar estimate that
(4 (s;2) is a rigid analytic function on €. O

By Corollary 3.13, we have the following immediate corollary.
Corollary 4.2. The unique [,-linear map
Cu(e;2): 2 —0(Q)
sending x; to {,(5;2), s €L, is an Fy-algebra homomorphism.

Next, recall that for a rigid analytic function f : 2 — C, that is A-periodic (i.e., f(z +a) = f(z) for all
a € A), f(z) admits a unique ¢-expansion

@)=Y ant”, anveCu
Nez
which converges for |z|; sufficiently large (see [Gos80a]). Here, we let the local parameter at infinity be
t=t(z) ;== ———.
expg(fiz)
One checks easily that {,(s;2z) is A-periodic. We now compute the t-expansion of (,(s;z) at positive
index.

Theorem 4.3. For any non-empty index s =(s1,...,Sm) € L, the rigid analytic function {,(s;z) admits a
t-expansion with coefficients in A:

Lu(s;2)= ) ent™ € Allt]]
N=0
whereco=1lifm=1,and co=0ifm=2.

Proof. Evaluating at u = expg(7iz) = 1/t, we have

d i d d-1 d_.i
[aly: = tCo(Ut)=1¢ Y [a,ilt™™ =t |1+ Y [a,ilt” " |.
=0 i=0
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Note that 1+ Y% !a, i]trd_ri is invertible in A[[¢]]. Therefore, for any s € N,
=0

— e 5V A
[ ]1/t

Now, we substitute this into the definition of {,(s;2):

(uls;2)= ) Y H

di>->dp=0ay,...,.am€eA, j= l[aj]l/t
dega;=d;

For any fixed sequence di > --- > d,, = 0, the inner sum lies in tMA[[t]], where M = Z’.”zlsj(rdf -1).
When m = 1, the only term that gives M =0 is d1 = 0, which contributes exactly 1 to the sum, and hence
co =1. When m = 2, we necessarily have d; = 1, which implies M = s1(r — 1) = 1. Hence, there is no
constant term. Finally, since M — oo as d; — oo, each coefficient ¢y involves only finitely many terms
and therefore lies in A. ]

4.2. u-Multiple Zeta Values as Formal Power Series. We now discuss the expansion of u-multiple
zeta values as formal power series in u. Recall that the u-multiple zeta values are defined by

(u(s) = hm H<d(5 u)= lim Z Hg (s1;u)---Hg, (spm;u)

d—00 45 di>mod =0

for any index s = (s1,...,5n) € I*t. We will show that this defines a formal power series with respect to
the product topology on Colz]l.
First, for each integer i € N, we define the polynomial P;(X) € K[X] by

i xr-1
Pi(X):=) i
7=0 DjLi—j
For any n e N and s € Z, we define the polynomial W,(LS)(X ) € K[X] explicitly by
n (_g k
WOX):= Y Y [P, (4.1)
= k i1,..,0p=1 =1
T lr =n

We put WéS)(X ) =1 by convention. Moreover, we write

n(r-1) i
WX =Y Wxi ek, (4.2)

y n,i
1=0

Here, note that since degP;(X) = r/ —1, the degree of each product in (4.1) is given by

k k ) i 1
deg H P, (X)|= Z(r” - =n(r-1),
r=1 r=1 -1
where the indices i1,...,i; satisfy the condition in (4.1). Consequently, we have

degW9(X) < n(r - 1).
We first consider the lemmas below:

Lemma 4.4. Let neNand s€ Z. Then H;Vn(s) — 0as d — oo where

W,
HY ()= ) as(a).

a€A+7d
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Proof. By (4.2), we have
W(S)(X) n(r-1)

n — Z C(S).Xi_s,
XS =0 n,t.
and hence
W n(r-1) . n(r-1)
HY (s)= Z el X a= X eniSali-s).
aEAJr,d 1=0
The result follows immediately from the fact that for any s€ Z, S;(s) — 0 as d — co. O

Lemma 4.5. Let a € A. Then we have

dega oo [ i arj ;
C(u)—Z[al]u :Z Z — |u”

‘ T/
=0 =0 J:OD]Li_j

where L; = szl(e -0").

Proof. The proof is identical to that in [Tha04, §2.5], and is included here for completeness. We first
recall the formal Carlitz exponential and logarithm (see [Gos96])

o 7 u”
expc(u) = Z D’ logc(u) = Z -
i=0 i =0 L

Then we have the following identity in Coo[lz]l:

© 1 oo 1 \" oo [ k ri
e O R

1=0 1
0

With these lemmas in hand, we obtain the following expansion of u-multiple zeta values in Co[[u]l:

Proposition 4.6. Let s =(s1,...,5,) € I¥ Then

(uls) = f v UMY e Coolluldl
N=0

where the explicit coefficient yn(s) is given by

m
we)= Y > o [1HY , ). (4.3)
N1yiim=0 di>->dpy=0j=1 7
ni+-+n,;=N

Proof. Leta€ A, and s€ Z. By Lemma 4.5, we have

[al, = % (au + i[a, i]uri) =a (1 + iPi(a)uri_l).

i=1 i=1
We first expand the formal series for [a],,® using the generalized binomial theorem:

[al,® = —Z( )(ZP(a)ur_)k: Z( )(ZP(a)(ur 1)r1)k.

=1 =1
It follows immediately from the definition in (4.1) that

© W (a) 1)
S

[al,® =)

n=0

e Kl[ull. (4.4)
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Now, for any fixed degree d = 0, we have

oo (s 00
Hy(s;u)= ). (Z Wa (@) (a)u”(r_l)) =) H(‘Zn(s)u”(’_l).

s
acA, 4 \n=0 a n=0

For any d{>--->d,, =0, we have

HHd (sj;u)= H ( Z Hg;’nj(sj)unf(r_l))
=0

]_ j—l n;=

- 4 w N(r-1)
:NZ:O Z Hde’nj(sj) u VY,

ni,...np=0 j=1
nit+-+n,=N

It follows that

(u(s) = dlim H_;i(s1,...,Sm;u)

[ee] m
w . N(r-1)
=lim ) > | X [IHg, G)|u
d>d1>+>d,=0| N=0| ni,..np=0 j=1
ni+-+n,=N

o0 m
—1; w . N(@r-1)
= 2 )3 )3 [THqg 0 |u™
N=0| ni1,..hp=0 d>d1>->d,;,=0j=1
ni+-+n,=N
By Lemma 4.4, we see that the series converges with respect to the product topology and this exactly
yields y(8) = X% _, yn()uN"D | completing the proof. O

We mention that the constant in the formal expansion of {,(s) is precisely {4(s).
As observed in the proof of Lemma 4.4, the coefficients yn(s) can be, in fact, expressed as finite
K-linear combinations of Thakur’s multiple zeta values.

Proposition 4.7. For any N =0 and non-empty 5 =(s1,...,5,) € I°, the coefficient yn(s) can be written
as a K-linear combination of Thakur’s multiple zeta values

n1(r—1) nm(r Dfm
H (A(Sl—il,...,sm—im).

j=1

Yn(s) = Y

ni,.,nm=0 i1=0 Im=0

Proof. By (4.2), we have

W(S)(a) n(r-1) 1 n(r-1)

w _ n _ (s) _ (s) .

Hy,()= 2. ———= ) ¢l 2 —=|= L cpiSals=i.
acA, g4 1=0 acA, g4 1=0

Substituting this expansion into the formula for yx(s), we obtain

m (nj(r-1)
Yn(s) > > H( > (SJ Sd (sj— ij))

n1eotm=0 d1>+>d;,20j=1\ i;=0
ni+-+n,;=N

ni(r-1) nm(r—l)( m

(s;)
) Z>o Z Py Hcrf;,ij) > HSd (s;—1;)
N 1,...,nm_N 11=0 Im=0 d1>>d;,=0j=1

LA, =

j=1
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ni,.,nm=0 1i1=0 Im=0
ni+-+n,=N

ni(r-1) np(r-1)( m (s;)
[Te,/: [Catsi=it,.cs8m = im).

We compute the coefficient yn(s) for N =1 and dep(s) < 2 in the following two examples.
Example 4.8. Let s € Z. We have

Cu(s) =Y YN,

N=0
where
N(r-1) )
yn(s)= ) cy bals—i).
i=0

We compute the first two terms explicitly:
(1) For N = 0, we have W((JS)(X ) = 1, which means cg’:g = 1. Thus, the constant term is exactly
Thakur’s zeta value:
Yo(s) = a(s).
=1 forces 2 =1and i1 =1, so we obtain

_ 1 rj—l r-1
W X) = ( 1S)P1(X)_ BY ~=- (i+X )

=0 ; SL1 D,

(s) _
1,r-1"

This gives the coefficients c(lsz) = i—f and ¢

by

1_71' Consequently, the coefficient of "1 is given

1 1
Y1(s)=-s (L—IZA(SH D—ICA(S -r+ 1)) )

Example 4.9. Let s = (s1, s9) € I**. We have

o0
Culs1,s2)= Y yn(s1,s)uM" Y.
N=0
By Proposition 4.7, the coefficient yn(s1,s2) is given by
ni(r-1)nqg(r-1)

_ (31) (52)
ynGsis2) = ), X Y eplert Calsi—in,s2—ia).
ni+ng=N 1i1=0 i2=0

We compute the first two terms:

(1) For N =0, since cg‘% =1 for any s, we obtain

Yo(s1,82) ={a(s1,82).

(2) For N =1, there are two partitions for n; + ng = 1, namely (1,0) and (0, 1).
(a) When (n1,n9) =(1,0), we have ig =0 and c(SZ) 1. The index i1 can be 0 or r — 1. Using the

(81) (s1)

coefficients ¢y, and c computed in Example 4.8, this part contributes:

1,r-1
—;TlCA(S1,82)— %CA(sl —r+1,s9).

(81)

(b) Similarly, when (n1,n2) =(0,1), we have i; =0 and ¢, = 1. The index ig can be 0 or r -1,

which contributes:

—IS%ZA(Sl,Sz)— ISTQICA(SLSz -r+1).
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Summing these two contributions, the coefficient of u"~! is given by

S1+S82 S1
Cals1,82)— —
L4 ’ D+

Next, we consider the r-shuffle relations. Recall in the proof of Proposition 4.6, we have

S
Y1(s1,82) = — (A(81—7”+1,82)—D—ZCA(Sl,Sz—r+1).
1

(o] m

Heg(s;u)= ) Y Y Y, (sp|uNeD
1

N=0| n1,...nn=0 d>di>->d,=0j=
ni+-+n,=N

for any positive index s € I. Furthermore, by Lemma 4.4, this sequence converges to {,(s) coefficient-
wise as d — co. Therefore, we can apply the theory in §3.2 and obtain the following corollaries:

Corollary 4.10. For any d €N, the map
H_y(s;u): % — Coollull
is an Fy-algebra homomorphism. That is,
H g # x5u) = Hoq (o, w) Heg(e530) = Heg (0 H<a(551)
for any positive indices t,s € L.

Corollary 4.11. The map A
Cu: % — Coollull
is an Fy-algebra homomorphism. That is,
Culoe % 2053) = L (s w53 0) = L (v ) (530)

for any positive indices t,s € L.

By exploiting the r-shuffle relations of the formal power series {,(s), we can extract explicit relations
among the coefficients yn(s). To formulate this conveniently, we let yn : Z — C be the Fp-linear map
defined by yn(xs) = yn(s) for any positive index s € L.

Theorem 4.12. For any positive indices t,s € I and any integer N =0, we have
N
TN % x5) = ) VR TNk (xs)-
k=0

Proof. By Corollary 4.11, we have f;(xt * x5) = (,(v){(s). We expand both sides as formal power series
in u. For the left-hand side, we have

Calxekxg;u) = Y T * x)ul =D,
N=0
For the right-hand side, we have
o0 o0
Cult;u)lu(s;u) = (Z Yk(t)uk(r_l)) (Z w(s)u“"”)
k=0 =0
00 N
=) (Z Yk(t)YN—k(ﬁ)) w1,
N=0\k=0
Comparing the coefficients of V"~ on both sides yields the desired equality. O

Theorem 4.12, together with Proposition 4.7, provides a specific method to produce relations for
Thakur’s multiple zeta values, including values at non-positive indices. We first illustrate this method
in the cases N =1 and N =2, where the resulting identities take particularly simple forms.
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Example 4.13. To see how multiple zeta values at non-positive indices arise from Theorem 4.12, we
consider the r-shuffle product of two depth-one words x,, and x;, for some r1,s; € N. By Theorem 4.12,
we extract the relation for N = 1, which gives the equation

Y1(xr, *x5,) =y1(r1)yo(s1) + yo(r)yi(s1). (4.5)

We now express both sides of (4.5) completely in terms of multiple zeta values using Examples 4.8 and
4.9.
First, recall from Example 4.8 that yo(s) ={4(s) and

1 1
Y1(s) =—s (ECA(SH ITICA(S —r+ 1)) .

Substituting these into the right-hand side of (4.5) yields

1 1 1 1
-ri (L—ICA(H) + D—ICA(rl -r+ 1)) Ca(s1)+Ca(r1) |—s1 L—ICA(S1) + D—IZA(Sl -r+ 1))

1

= TR0 ~ 5 (rdaG =7+ D) + 510G DEAG1 =+ D) (4.6)
1 1

Next, note that
Filer, *25) =y1(r1,5D +7151,r) +y1tri+sD+ Y. A7), (4.7)
ij=1
i+j=ri+si

We apply the explicit formulas from Example 4.8 and 4.9 to each term. Then (4.7) becomes

LS ) as1)
L

1
- —(rlfA(m —-r+1,s1)+s10a(ry,s1—r+ 1))

Dy
1
——(SlfA(Sl—rJr1,7‘1)+r1(A(81,7‘1—r+1))
Dy
+
. SICA(r1+sl—r+1)
1
-— Z A;’l{sl(L(A(L—r+1,J)+JCA(z,J—r+1)). (4.8)
D, ij=1
i+j=ri+si

Finally, equating (4.6) and (4.8), we obtain the identity:
ri¢a(ri—r+10a(s1)+s10a(r1){a(s1—r+1)

=r1{a(r1—-r+1,s1)+s1{a(r1,s1—r+1)+s1{a(s1—r+1,r1)+rila(si,ri—r+1)

Hrirs)latrrtsi—r+ D+ Y MY (iCaG-r+ 1)+ jCali,j-r+1). (4.9)
,J=1
i+‘]%=]r1+81

Ifri<r—-1ors;<r-1,then (4.9) involves Thakur’s multiple zeta values at non-positive arguments.

Example 4.14. Let r1,s1 € N. By extracting the coefficient of N =2 from the shuffle relation x,, * x,, in
Theorem 4.12, one can obtain the identity (cf. (4.9)):

r1sia(ri—r+1){a(s1—r+1)+ (_gl)CA(rl —2r+2){a(s1)+ (_SI)CA(rl)ZA(Sl —2r+2)

=r181((A(r1—r+1,sl—r+1)+(A(sl—r+1,r1—r+1))
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+ _;1)(CA(7‘1—2r+2,31)+(A(sl,r1—2r+2))

—s1
+ 9 )((A(rl,sl—2r+2)+{A(sl—2r+2,r1))

—(r1+
+ (7‘12 81))CA(rl+sl—2r+2)

ii (.., .. ) - ) N ..
+ 2 A (ZJCA(l -r+1,j-r+1+ ( 9 )ZA(l —2r+2,j)+ ( 9 )(A(z,J—2r+2)). (4.10)
,j=1
i+;:Jr1+sl

Remark 4.15. For N =1,2, the above identities may simplify after expressing the terms at non-positive
indices in terms of multiple zeta values at positive indices (see Lemma 4.18). Moreover, the usual weight
need not be preserved under this reduction. In some cases, the resulting identities become tautological
or follow from the usual r-shuffle relations. For larger N, more complicated identities may occur (see
Remark 4.21).

4.3. Derivations on r-shuffle Relations. Inspired by (4.9) and (4.10), we explicitly define a new fam-
ily of operators 2. We will prove that they form a Hasse-Schmidt derivation over la by constructing a
new bracket compatible with our abstract framework (see Corollary 3.11).

Let us first recall the general notion of a Hasse-Schmidt derivation (see [Wei65]):

Definition 4.16. Let K be a field, and let A,B be K-algebras. Given a K-algebra homomorphism f :
A — B, a sequence of K-linear maps (Dy)n=o from A to B is called a Hasse-Schmidt derivation over f if
(D DO = f’ and
(2) Dy(xy) = ZgzoDk(x)DN_k(y) for all x,y€ A and N = 0.

Recall that 3, is the K-algebra generated by all {4(s) for s € I. Then the operators 2y are defined as
follows:

Definition 4.17. For N = 0, we define 2y : Z — 3 to be the unique F,-linear map such that In(xy) =
0 N,0» and

DN (xs) := > (H (_s.j))(A(Sl_nl(r—1),---73m_nm(’"_1))

n1yeontm=0 \j=1\ 1
nit+n,=N

for non-empty positive index s =(s1,...,s8;,) € L.

We remark that every Thakur multiple zeta value at a non-positive index is a K-linear combination
of Thakur multiple zeta values at positive indices, so Yy are well-defined. This is explained by the
following lemma:

Lemma 4.18. Let s € I*** be any non-positive index. Then for all d >0,

R
Sci®)=) ciS<qty)
i=1
for some c; € K and positive indices t; € I independent of d. In particular, every Thakur multiple zeta
value at a non-positive index can be expressed as a K-linear combination of Thakur multiple zeta values
at positive indices.
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Proof Let s = (s1,5%,52) € I®* be a non-positive index with s; = (s1,...,5,-1) € I, s € Z<o and sg =
(Sk+1,---,8m) € I™t. Then there exists M = 0 such that Sq,(st) =0 for all d, > M by [Tha04, Theorem
5.1.2]. Thus, for all d large enough, we have

M
Scals)= ). Sdk(Sk)( > Sd1(81)'--Sdk1(Sk—1))( > Sd,..(Sk+1)---Sa,,(Sm)

dp=0 d>d1>>dp_1>dp, dp>dpi1>>d;, =0

M
= Z Sdk(sk)S<dk(5z)( Z Sdl(sl)"'sdk_l(sk—l))-
deO d>d1>"'>dk_1>dk

Now, for all positive index t = (r1,...,r,) €Il and d’' € Z, we define

F_q(t,d)= Y Saq,(r1)---Sq,(r,) and S<g(v)= Y Sa,(r1)---Sq,(ry).
d>d1>dp,>d’ d'=d1>>d,=0

It suffices to check that for all d’ € Z-o and d € N, we have

R
Fog(t,d)=) ciScat;)

i=1
for some c¢; € K and t; € I. We proceed by induction on the depth of . When dep(t) =1 and v =(r1), note
that

Fq(r,d) = Z Sq,(r1) - Z Sq,(r1)=8S<q(t) = S<q/(v)Sq(2).
d>d1=0 d'=d1=0

Assume the result holds for all vt € I with dep(t) <N — 1. For an index vt =(r1,...,ry) € I with dep(xr) = N,
we partition the summation domain d > d1 > --- > dy = 0 based on the position of the threshold d’. There
exists a unique i € {0,1,...,N} such that d; > d' = d;,1 (setting dg =d and dn.1 = —1 by convention).
This yields that

N
S<a® =) S<a(ts)Fq(r<;,d),
i=0

where t<; =(r1,...,r;) and ts; = (r;41,...,7n) (with the convention that F.4(&,d') = S<4/(2) = 1). Thus,
we obtain

N-1
F<d(‘t,d,) = S<d(t) - Z Ssd’(t>i)F<d(tsi, d,)-
i=0
Therefore, the result follows from the induction hypothesis. 0

We now consider the formal variable X and the new bracket defined by
[alx :=a+a"X =a(l+a" 1 X) e CoolIXT.

Then one checks the following:

(1) Forallae A,, [alx € Coo[XT™.
(2) Foralla,be A,

[a+blx=(a+b)+(@+b) X =(@+a"X)+(b+b"X)=[alx +[blx.
(3) Forallae A and €,
[ealx =ea+(ca)' X =eca+¢ea’ X = ¢lalx.

Furthermore, let Hff (s) and Hf 4(8) be defined as (3.1) and (3.2) with respect to this bracket.
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Lemma 4.19. For d € N and non-empty positive index s = (s1,...,Sn) € L, we have

[e.0] m —8;
H =) Y (1‘[( J))S<d(sl—n1<r—1>,...,sm—nm<r—1))XN.
N=0 ni,..nm=0 \j=1\"
ni+-+n,=N

Therefore, as d — oo, it converges to
o0
(x(5):= lim HY ()= Y on(x)XY.
d—o00 N=0
Proof. Let s =(s1,...,5,,) €I. For eachaj€A,, we expand [aj];(sj in Coo[[XT:
-5 -5 r—1xr\—$ X =S8j| —sj+tn(r-1)ypn;
lajly =a; (1+aj X) %= Z a; X",

n;=0 n;

Thus, we obtain

1 _ ﬁ i j sj+nj(r l)an
[a1]} - lamly"  j=1\n=0
s m[—g; 1
L i (] -
N=0 Ry =0 (j:l n; ail_nl(r_l)---asm’"_"m(r_l)

ni+-+n,=N

Substituting this expansion into the definition of the finite multiple harmonic series H 4(8) evaluated
with the X -bracket, we get

1
X
H<d(5) = Z [ ]Sl [ ]Sm
Q1@ EA L aily ~l@mly
d>degai>--->dega;, =0

— o N m—s; 1
_ZVZZOX Z (H ' Z asl—nl(r—l). L Sm—Rm(r=1)

ni,....,nim=0 \j=1 n;j ai,...,am€EA 4 1 A
ni++n,=N d>degai>-->dega,, =0

- o1 [ —Ss N
=) 2 I1 Scals1—n1(r=1),...,8m —np(r=1)X".
N=0 n1,..nn=0 \j=1\7j
ni+-+n,m=N

Thus, Hf 4(8) converges coefficient-wise to

(x(5)= Y Dnlxs) XN
N=0

in C..[[X]1 as d — co. O
Therefore, we can apply Corollary 3.11 to the formal series
(x(s):= lim HZ,(s)
and obtain the following theorem:

Theorem 4.20. The sequence of operators (2n)n=o forms a Hasse-Schmidt derivation over the realiza-
tion map (A : R — 300. That is, for any indices t,s5 € I and any integer N = 0, we have Dy(xs) = {4(5)
and

N
DN (e * x5) = Z Dr(x)DN -1 (xs5).
k=0
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—

Proof. 1t is clear from the definitions that 2y = (4. It suffices to check that (2n5)n>0 satisfies the convo-
lution property. By Lemma 4.19 and Corollary 3.11, the map (x : Z — Co[[ X1l sending x; — {x(s) is an
[F,-algebra homomorphism. Therefore, we have

{x (e * %) = {x (V) x(5).

Comparing the expansions of both sides, we obtain

00 fole} foe) N
Y Dl * x) XN = ( @k(xt)Xk) (Z @g(xs)Xf) =) (Z @k(xt)@N—k(xs)) xV,
N=0 k=0 =0 N=0\k=0

which completes the proof. O

Remark 4.21. Equations (4.9) and (4.10) are special cases of Theorem 4.20 for dep(r) = dep(s) = 1 and
N =1,2. This theorem shows that, by applying the derivations 2y to the r-shuffle relations for positive
indices, one can obtain relations involving Thakur’s multiple zeta values at both positive and non-
positive indices. After reducing the terms at non-positive indices, these relations can be reduced to
relations among Thakur’s power sums. For example, let r = 3. Applying %P9 to x1 * x1 gives

Ca)CA(=17)+CA(-1)0A(=15) + {a(=3)A(—=13) + A (=5)0a(—11) + LA (=T){ A (-9)

= (AL, ~17)+a(=1,-15) +{a(=3,-13) +{a(=5, - 11) +{a(~T,~9)

+Ca(=9,-T)+{a(-11,-5) +{(-=13,-3) + {a(=15,-1) + {A(=17,1) + 2{ (- 16).

We now describe explicitly how this identity reduces in terms of Thakur’s power sums. By the reduction
used in the proof of Lemma 4.18, the relevant depth-one terms are

[e.°]

1, m=1,3,9,
talom) = {1 +81(-m), m=5,7,11,13,15,
together with
(A(=17)=1+8S1(=17)+So(-17)
and

(a(=16)=1+S1(-16)+ Sa(—16).
For the depth-two terms, we have
(a(=1,-15)={A(-3,-13) =(a(-9,-7) =0,
(a(=5,-11) = S1(-5), (a(=7,-9)=S1(-7),

and
(a(-11,-5) = S1(-11), (a(~13,-3)=S1(-13), (a(=15,-1)=S1(-15).
Moreover,
Ca(=17,1)=S51(=17)+ S2(-17)(1+ S1(1)),
and

(a(1,-17)={a(1) -1+ 81(-17)([(a(1) - 1-S1(1)) + S2(=17)({a(1) = 1 - S1(1) = S2(1)).
Substituting all these expressions into the above identity and simplifying, we obtain
Sl(l)Sl(—17) + Sg(l)Sz(—17) + Sl(—ll)Sl(—5) + Sl(—16) + Sz(—lG) =0.

Thus, in this case, the relation obtained by applying Y9 reduces to the above relation among Thakur’s
power sums.

In general, reducing such derivation relations to relations among multiple zeta values at positive
indices can be rather involved, and the resulting relations among Thakur’s power sums can also be
quite complicated.

We end this paper with the following remark.
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Remark 4.22. While the present work focuses on the Carlitz module to construct the u-bracket, finite
multiple harmonic u-series, and u-multiple zeta values, a natural and intriguing generalization is to
consider Drinfeld A-modules. We remark, however, that handling the convergence issues in this broader
setting is expected to be considerably more difficult.
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